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Preface 


Around ten years ago, I came across the following result of Srinivasa Ra- 
manujan: 


—27/5 
3, — = V2+B-8, (0.1) 
aes 
{te 
1+. 


where 3 = (1+ /5)/2 is the Golden Ratio. I said to myself, “Wow? How 
did Ramanujan figure this out?” Indeed, Hardy (1999, p. 9) said Eq. (0.1) 
was one of the three identities which defeated him completely. Since then I 
have started to write some notes on the subject. Later these notes became 
some of my teaching materials. Eventually, they grew to become this book. 
This book is still growing: I will maintain a link at my website at 


https://edocs.uis.edu/hchan1/www/ 


listing all the errors and typos. Feel free to email me your comments (for my 
current email, see my website). If time permits, I will add some additional 
materials related to the book on my website. 

By the way, if you are interested to know how Eq. (0.1) can be proven 
but have never taken a course in q-series, you can read Chapters 2, 7, 11, 
and 12. 

I would like to express my deepest gratitude to many people, without 
whom this book will never see the light of day. 

I want to thank See Tsai, my wife and soul mate. Without her love, 
support and prayers (and those of my mom too!), I don’t think the comple- 
tion of this book project would be possible. Thanks also to our son Lemuel 


vi Preface 


for bringing us so much joy in our life. Lemuel is five-year old and does not 
know the existence of the book project. But I am sure he felt some of his 
play time with daddy was somehow cut short. Great thanks to my parents, 
Fan and Kim Chan, for their love and support. 

I want to thanks my colleagues at the math department at UIS, in 
particular John Snyder, Patty Stoutamyer, and Prof. Chung-Hsien Sung 
for their tremendous support. The reduced teaching load in Spring 2010, 
granted to me by the College of Liberal Arts and Sciences, could not come 
at a better time and I am truly grateful for that. Thanks to all the students 
who listened to various parts of the materials in this book, in particular, 
Dan Collins, Scott Ebbing, Cassie Koehne, Allison Leight, Mike Roberts 
and Tiffany Whitlow. 

I want to thank many mathematicians, from whom I have learned so 
much. In particular, I want to thank Professors G. E. Andrews, B. C. 
Berndt and M. D. Hirschhorn for their inspiring work, and they are always 
very encouraging. 

I want to thank Rok Ting Tan for being such a wonderful editor, and 
Prof. K. K. Phua for his invitation to write this book. I received his 
invitation on August 8, 2008, which was also the opening day of the 2008 
Summer Olympics in Beijing. I will not forget that day. 


Hei-Chi Chan 
University of Illinois at Springfield 
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Chapter 1 


Introduction 


This book is divided into four parts. Part I covers some basic technique in 
dealing with q-series and provides several proofs of Jacobi’s triple product 
identity: for |q| <1, 


Co [oe) . 
[[@-@ G42" )ate ter )= So org. (1.1) 
n=1 n=—oco 


Part II focuses on the famous Rogers-Ramanujan identities: for |g| < 1, 
and a= 0 or 1, 


loo) gq? tan 7 eS ; 
~a-gi-®) 0 Ue (1.2) 


In Part III, building on the materials in the first two parts, we discuss 
the Rogers-Ramanujan continued fraction, which is defined as follows: for 
lq] <1, 


R(q) = —+,—. (1.3) 


ee 
Closely related to this continued fraction is the subject of Part IV, 
Ramanujan’s “Most Beautiful Identity”: for |g| < 1, 


ce) @ oy ene 
— qny6 
LG") 
(the definition of the partition function, p(n), will be given below). This 
( 


implies congruences such as p(5n +4) = 0 (mod 5). This will be discussed 
in detail in Part IV. 


S p(n + 4)q” =5 (1.4) 


n= 


2 Introduction 


Let us fix some notation. The q-product notation is defined by 


n-1 k + 

page= ao"). tas o 
aQ)n t= 1.5 
(aig) i ifn = 0. oe) 


For n < 0, we define 
(Gay 0 (1.6) 


This is how one can remember the notation in Eq. (1.5) for n > 0: 


e The a in (a; *)n means that the first factor of the product is (1—a). 
e The g in (*;q), means that any subsequent factor can be built up 
by scaling the parameter a by q (i.e., a — aq) in the factor previous 
to it. For example, the second factor is obtained by setting a — aq 
in the first one (1—a@), making (1—aq). When we scale it one more 
time, (1 — ag) becomes (1 — ag’), which is the next factor. Hence 


(a; qn = (1—a)(1 —aq)1 - aq’) (L- Gg? *). 


The subscript n means that there are n factors on the right. So 
the exponent in the last factor reads n — 1 instead of n. 


Note that sometimes we write 


(@)n := (45 q)n (1.7) 
when the second argument in (*; *) is q. 
Let us define partitions. 


Definition 1.1. A partition of a positive integer n is an ordered set of 
positive integers A = (Ai, A2,°-- , Ax) such that |A| := 30,4; = n and 
Ay > Ag > +++ > Ax. Sometimes we also write this as nm = Ay +Ag+:+-+Akg. 

We denote by P(n) the set of all partitions of n. The size of the set 
P(n) is denoted by the partition function p(n); i-e., p(n) := |P(n)|, with 
p(0) := 1. 


Example 1.1. P(4) consists of five elements: 4,3+1,2+2,2+1+1,1+ 
1+1+1. Hence p(4) = 5. 
The generating function for p(n), discovered by Euler, is given by 
co co 1 
nm = * 1.8 
2 P(")9 I =, (1.8) 


In the subsequent chapters, sections begin with FYI (“For Your Infor- 
mation” ) are special remarks. 


PART 1 


Part I: Jacobi’s Triple Product 
Identity 
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Chapter 2 


Jacobi’s Triple Product Identity: 
First proof (via functional equation) 


In this chapter we give the first proof of the following remarkable identity: 


Theorem 2.1 (Jacobi’s triple product identity). For |q| <1, 


Co CO 


[[G-@ G42 Yasz ter) = So ra. (2.1) 
n=1 n=— co 
Our proof follows the one in Hardy and Wright (2008). It is, perhaps, 
one of the easiest proofs of Eq. (2.1). It takes advantage of the symmetry 
of the infinite product involved and “converts” its symmetry to a functional 
equation. Also, this proof is self-contained: it does not depend on other 
known (and non-trivial) identities. 
Proof. We are to prove Eq. (2.1) in four steps. We denote by f(z) the 
left-hand side of Eq. (2.1). 


Step 1. We start by proving the following functional equation 
f(z) = zaf(za"). (2.2) 


This equation captures the “symmetry” of f(z) under scaling z — zq?. The 
proof of Eq. (2.2) follows from direct computation: 


Co 


f(z?) = [JQ-@P yt 2) + ater?) 
n=1 
golg-l\ & 
=f(2) 
1 
= me 


6 First proof (via functional equation) 


It may be useful to write out the first few factors of f(zq?) and see how 
it is different from f(z), and it will be evident why we squeezed out the 
prefactor (1 + 2~!q71+)/(1 + zq). 


Step 2. Write f(z) = 3. an(q)z”. One can show that Eq. (2.2) 
implies (for n € Z) 
2 


Gn = ao(q)q” (2.3) 
with ao(0) = 1. Indeed, plugging in f(z) = > anz” into Eq. (2.2) gives 


b Anz” =: . On —12" qr". 


n=—0o n=—0o 
Comparing the coefficients of 2” gives a, = dn_19q°"—'. Iterating the last 
equation gives Eq. (2.3). Summarizing, we have 
lo) 


f(z) =ao(q) S> 2%q". (2.4) 


The definition of f(z) implies that f(0) = 1. This, with Eq. (2.4), gives 
ao(0) = 1, as the only surviving term comes from n = 0. 

Remark 2.1. Eq. (2.4) is almost Jacobi’s triple product identity! At this 
point, we have the extra prefactor ao(q) hanging around on the sum side 
of Eq. (2.4). Our goal is to show that it is always 1 (we know that it is 1 
when g = 0). 


Step 3. Next we want to prove 

ao(q) = a0(q*). (2.5) 
This is done by evaluating Eq. (2.4) in two different ways. First we let 
z=i=vy-l. Note that 


f@ = [[a@-@")0 + ig?) - tg?"1) 
=]]G-¢7)0+¢e”) 


=|][a-c™a-¢")a4+a"*) (by splitting [[(1 — ¢?”)) 


= |[a-a@a-¢"%) (by multiplying (1 — q#"-?)(1 + g"-)) 


=|[a-@)a-¢""*) (by splitting [](1 — ¢*”)). (2.6) 


This kind of maneuvering could be better understood by writing out the 
first few factors from each group of the infinite product and observing how 
various factors are combined and split. 

We got the left-hand side of Eq. (2.4) and let us work on the right-hand 
side. Observe that i*”+* = i*. Hence, with z = i, we have 


= 1 n2 yr n 
ao(q) Ne, i"q” = ao(q area en q’ ‘). 
This, with Eq. (2.6), completes our first pane of Eq. (2.4), giving 
][a-@ a- &"*? = ala o(i +2 xe rae : , (2.7) 
n=1 


7 rather surprising twist is that we can find a similar expression to that of 
q. (2.7) by evaluating Eq. (2.4) differently. 
The infinite product in Eq. (2.7) suggests that we can try setting z = —1 
and let gq — q* in Eq. (2.4). As a result, the left-hand side gives 


f(2) > [[a-a@)a-&4)?. (2.8) 


n=1 
The right-hand side of Eq. (2.4) can be evaluated easily under the same 
transformation and it gives 


cla) sara =a) (1425-0) ea) 
Note that the argument of ap is now q* instead ae q. Equations (2.8) and 
(2.9) give 
][a-@a-¢""? = aq »(: +2 ye ya i ~ (2.10) 
n=1 


Comparing Eqs. (2.7) and (2.10) implies Eq. (28), the desired result. 


Step 4. Finally, we show that Step 3 implies 

ao(q) = I, (2.11) 
i.e., do(q) is a constant and is given by its value at g = 0 (which we know 
is 1). Indeed, by iterating Eq. (2.5), we have 


ao(q) = ao(q*) = ao(q") = =) 


= ao(q 
This implies 
. k 
ao(q) = lim ao(q" ) = ao(0) = 1, 
as |q| <1. This completes Step 4 and the proof of Theorem 2.1. 


For other proofs of Eq. (2.1), see Andrews (1998), Andrews and Eriksson 
(2004), Berndt (2006), W. Chu and Di Claudio (2004), Gasper and Rahman 
(1990), and Prodinger (2000). 


8 First proof (via functional equation) 


2.1 Exercises 


(1) This is our first look at the Quintuple product identity. Prove that, 
for z 4 0 and |q| <1, 


I (1 = gets) (1 a ae (1 = Bg) (1 on 2g") (1 = EE) 
n=0 

— 3n?-+n z i q 3n+1 
ee (<) S (4) (2.12) 


Hints: Break up the proof into four steps. We denote by f(z,q) the 
left-hand side of Eq. (2.12). 
e Step 1. Show that f(z, ¢q) satisfies 


fle.g =42 fle@’.a), flag =-2 fe", (2.18) 
Step 2. Write f(z,q) = 0? . an(q)z”. Show that ao(0) = 1 
and Eq. (2.13) implies (for n € Z) 


3n?-2n 


2 
a3n(q) = ao(q)q , A3n42(q) = —a0(q)q?” 7", a3n41(q) = 0. 


e Step 3. Prove that ao(q) = ao(q*) by evaluating and comparing 
f(i,q) and f(—q*,q"). 

e Step 4. Use the last step to show that ao(q) = 1. 
For a comprehensive introduction, see Cooper (2006). This exercise 
follows the proof in H.-C. Chan (2006). See also Abaz (2008); Z. Cao 
(2009); W. Chu and Q. Yan (2006); Kongsiriwong and Z.-G. Liu (2003). 
A finite form of the identity was found by W. Y. C. Chen, W. Chu and 
N. S. S. Gu (2006). We will give a second proof of this identity in 
Chapter 4 (cf. Theorem 4.4). 
Prove that, for |g| < 1 and |z| <1, 


1 n. 
= (q Qk ok. 


iia 
i) 
oe 


= (2.14) 
(2:9)n tS (aaa 
Note that, when n — oo, this becomes 
1 2 
a en 2.15 
(2G) 4 (Gade ee 


Hints: Here we follow Prodinger (2000, p. 16). Denote by F,(z) the 
left-hand side of Eq. (2.14). First show that 
LZ 
Fy = | —— ] F, (2). 2.1 
(a) = (5) aw (2.16) 
Next plug Fn(z) = dinso Cn2” into Eq. (2.16) and solve for cp. 


2.1. Exercises 9 


(3) Prove that, for |q| <1 and |z| < 1, 


(AZ; Qoo = > (a; Dk ok (2.17) 


(do 65 


'Q 
Q 
neal 
co 


Hints: We denote by F(z) the left-hand side of Eq. (2.17). First show 
that 


F(zq) = ( ad ) F(z). (2.18) 


1l-—az 


Next plug F(z) = 0,39 nz” into Eq. (2.18) and solve for cn. 
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Chapter 3 


Jacobi’s Triple Product Identity: 
Second proof (via Gaussian 
polynomials and the q-binomial 
theorem) 


The binomial theorem is well-known: 


(1+2)"= 5s i) 2” (3.1) 


m=0 
In this chapter we will see a g-deformed version of this famous identity (the 
g-binomial theorem). We will use it to give a second proof of Jacobi’s triple 
product identity. The basic references for this chapter are Andrews (1998), 
Andrews and Eriksson (2004), Berndt (2006), W. Chu and Di Claudio 
(2004), and Prodinger (2000). 


3.1 Gaussian polynomials 


We will approach the g-binomial theorem through Gaussian polynomials 
(or, g-binomial coefficients): 


Definition 3.1 (Gaussian polynomials). 


A 0 iofm<O0orm>n 

bal ya lege rele eas) 
(eg) lg yen lea) 

Note that we have m factors in both the numerator and the denominator. 

Later in Section 3.4 we will give an alternative way to define Gaussian 


otherwise. 


polynomials through non-commuting variables. 
Note that Gaussian polynomials reduce to binomial coefficients when 
q— 1: 


12 Second proof (via Gaussian polynomials and the q-binomial theorem) 


This explains the name “q-deformed binomial coefficients.” Note also that 
in terms of (q)n := (G3 @)n (cf. Eq. (1.7)), we have 


| = (Dn (3.2) 


(Q)m (Q)n—m’ 


which bears a resemblance to the usual binomial coefficients. 
Here are some key properties of Gaussian polynomials that will be used 
in the subsequent chapters. 


Theorem 3.1 (Key properties of Gaussian polynomials). 


e (q-deformed Pascal’s rule) 


e (symmetry) 


laa 0 


N i 
li = ’ 3.6 
Nes | (93 d)m ee) 
* RN+ My 1 
1 = 
Noe ee | (93 Doo on 


Remark 3.1. For our second proof of Jacobi’s triple product identity, we 
need only Eq. (3.7). 


Proof. For Eq. (3.3): 


[mn] © (epee) [| 


38.2. The q-binomial theorem 13 


Equality (i) is motivated by the fact that we need fe 7 ‘ to stand alone 
m 


on the right-hand side. To obtain (ii), we have used 1 — g?” =1—q"~™+ 
g’—™ — q". We leave the proof of Eq. (3.4) as an exercise (Exercise 3.5 
Question (1)). 
The proof of Eq. (3.5) is a simple application of Definition 3.1 (see 
Exercise 3.5 Question (1)). 
The proof of Eq. (3.6) is as follows. By using Eq. (3.2), we have 
( 


lim | = lim te = (i oe). 
N-oo Lm] = N-o00 (q)m(q)N-m — (q)m \N~20 (g)N-m 
———_— 
=1 
The proof of Eq. (3.7) is similar and we leave it to the readers as an 
exercise (see Exercise 3.5 Question (1)). 


Remark 3.2. Turning things around, we could define Gaussian polynomi- 
als by Eq. (3.3) and Eq. (3.4), with H = 1. Indeed, let n > n+1 in Eq. 
(3.3) and (3.4) and subtract them. This gives 
n n 
- m_4jy— Beaters cL), 
0 i (q ) al (q ) 


This equation implies 


i - (—“—) ren (3.8) 


Jager ae eth) K 
He) Gag i @) 0)" 
where we have applied Eq. (3.8) m times to obtain the second line. This, 


with K = 1 gives the same defining formula as above. For details, see 


Prodinger (2000). 


3.2. The q-binomial theorem 


Our goal is to prove 


Theorem 3.2 (q-binomial theorem). 
(2:)n = (1 — z)(1 — 2q)---(1— zg") 


=> [i] joo Negro aiee. (3.9) 
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Remark 3.3. 

(1) For the range of k on the sum side of Eq. (3.9), we could have written 
k > 0. This is because for k > n, Gaussian polynomial H =0. 

(2) When gq — 1, Theorem 3.2 reduces to the usual binomial theorem. 


Proof. The idea of proof is similar to the technique we used in Chapter 2. 
Let f(z) := (2; q@)n. It is easy to see that 
(1 — z) f(zq) = (1 — 24") f(z). (3.10) 


Set f(z) = Vimso @m(q)z™. As f(0) = 1, we have ag(q) = 1. 

Plug the power series of f(z) into Eq. (3.10). This gives (write a,, = 
Om(q)) 

es (ang = Gig”) Z> S- (Gm — Gm—1q") 2”. 
The coefficients of z” must be identical and we obtain 
ar [ees quam 
adm = —-q {qn aAm—1 t= Am Am—1- (3.11) 

By repeatedly applying Eq. (3.11), we obtain 


m 


di, = Am mac nag = Cg DP | "| 


as ao(q) = 1. This completes the proof. 


Remark 3.4. In Exercise 2.1 Question (2) we saw a similar result with 
(z;q)n located in the denominator. By writing it in terms of Gaussian 
polynomials, we have 


Theorem 3.3 (q-binomial series). 


Z =o), | a (3.12) 


3.3. Second proof of Jacobi’s triple product identity 


Why would the g-binomial theorem be able to give a proof of Jacobi’s triple 
product identity? The idea is as follows (e.g., see Bressoud (1999)). The 
product side of the g-binomial theorem, (z; q)n, can be considered as a finite 
approximation (i.e., n being finite) of “half” of the product side of Jacobi’s 


8.8. Second proof of Jacobi’s triple product identity 15 


triple product identity. Here “half” refers to factors with z multiplied to 
powers of g. To duplicate the other “half”, we start with 2n factors (instead 
of n): 


2n 


2 s 
(43Q)2n = >_> | q gh YP z)F. (3.13) 
k=0 
Let us work on the product side 
(2; @)an = (1—2)(1— 2g) ++» (1—zq"*)(1— 2q")(1— 2g"**) ---(1—29??“"). 
To make 1/z, we pull out —z from each of the first n factors: 
(alae Maas eg ae eg eg erage). 
Now the powers of q in the first n factors appear on the “wrong” side. Let 
us pull out g* from the (i + 1)-th factors (from among the first n factors): 
(2g 2 = z\(1 = ete) Le (1 = gig) 
x(Lzg")(t = 2g) 1 — 29?" *). 
At this point, it seems that we have made a mess: there are negative powers 
of q in the first n factors and the powers of q in the rest appear to be much 


higher than what we expect. 
A way out is to replace z by z/q”. This gives 


C2rg ee Ga = ztq")\(1 = gotg?}) Ge zg) 
x(1= 2)(1 — zq)++: (1 — 2g") 
= (—2)*g MHD (2-1 9g) ( 25 @)n- 


Performing the same set of transformations on the right-hand side of Eq. 
(3.13) gives (after cleaning up extra factors): 


2n 
(z3q)n(z‘aiq)n = ¥, | ge) eae VEE (3.14) 
k=0 


The sum side of Eq. (3.14) can be written more symmetrically. Set | = k—n 
and Eq. (3.14) becomes 


Ze Gon=>- | a | aem—ayt (3.15) 
l=—-n 


n+l 


As n — oo, by Eq. (3.7), the last equation becomes 


Se eee (3.16) 


(23 Q)oo(2°G Doo = de 


—oCo 


which is equivalent to Jacobi’s triple product identity. 


16 Second proof (via Gaussian polynomials and the q-binomial theorem) 


3.4 An alternative way of defining Gaussian polynomials 


One can also use non-commuting variables to define Gaussian polynomials 
in an elegant manner. Below we will follow the excellent exposition in H. 
Prodinger’s lectures (Prodinger, 2000). This method goes back to Cigler 


(1982). 
Let A and B be two non-commuting variables such that 
BA=qAB, (3.17) 
[A, q] = [B, q] =0, (3.18) 


where the commutator is defined by [z, y] := xy— ya. The second equation 
says both A and B commute with q. 


Definition 3.2. Gaussian polynomials are defined by 
n “ n n—k pk 
(A+ B) =v |t}A Bi (3.19) 
k=0 
Before we prove that this is equivalent to Definition 3.1, let us look at the 
following example. 
Example 3.1. Consider the n = 2 in Eq. (3.19). The left-hand side gives 
(A+B)? = (A+ B)(A+B) 
= A?+AB+BA+B? 
= A?+AB+qAB+B? (as BA=qAB) 


= | A+ El AB + B B?. 


Hence 


2 
fete 


which are the same expressions we would obtain if we compute them 
through Definition 3.1. 


There is more than one way to realize such non-commuting variables A 
and B. One of these possible constructions is as follows (for details, see 
Paule (1987b) and Prodinger (2000)). 


8.4. An alternative way of defining Gaussian polynomials Le 


Example 3.2. Let ¢ be an operator defined by 
e f(a) = fled). (3.20) 

That is, the effect of € is to scale x by a factor of g. Define 

A:=e', B:=za. 
Note that BA = qAB should be understood as an operator identity (when 
acting on functions of x). Indeed, on the one hand, we have 

BAf(«)=ae 'f(z)=2f (=) : 
q 

On the other hand, we have 


AB fle) = 927 (ofte)) =4 (27 (2)) =07 (2). 
This proves BA = qAB. 


This example will come handy in Section 9.2.1. 


Proving the equivalence of Definitions 3.1 and 3.2 
By Remark 3.2, we need to show that Definition 3.2 implies Eqs. (3.3) and 
(3.4), with H = 1. The last fact can be easily shown by induction. Let 


us derive Eq. (3.4) from Definition 3.2. The key is to observe that 
(A+ B)" = (A+ B)""*(A+4 B). 
By rewriting this formula in terms of Definition 3.2, we have 


n-1 n-1 
ae S- " = ‘ Arm 1 pray S- ie i An—m-ipmrl 
m= Hn m=0 an 


= n—1 Mm An—M Bm . n—1 n—-—M Bm 
3 ie Ja Apo OB Py ee Be, 


To obtain the first sum in the last line, we have used BA = gq” AB™. 
Comparing the coefficients of A”~™ B™ on both sides gives 
le es 
= q+ , 
m m m—1 
which is Eq. (3.4). Equation (3.3) can be proven similarly (see Exercise 3.5 
Question (2)). 
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3.4.1 Deriving q-binomial theorem from Definition 3.2 


It is a nice exercise to use Definition 3.2 of Gaussian polynomials to give a 
new derivation of the g-binomial theorem. 
Write Eq. (3.19) with B — —B: 


(A-B)"= so H (=1)F AF Be, (3.21) 


k=0 
Again let A and B be such that BA = qAB. Here we also assume that 
A7!, the inverse of A, exists and it is such that A7'A = AA7! =1. 
First we work on the left-hand side of (3.21). We are to push all A’s to 
the left one by one. Precisely, we start with 
LHS = (A— B)(A— B)---(A—B). 
First we factor out an A from the first factor and push it to the left: 
LHS = A(1— .A~'B)(A— B)---(A—B). 
Next we factor out an A from the next (A — B) and push it to the left. 
This gives 
LHS = A(1—A™'B) A(1—A™‘*B)(A— B)---(A—B) 
= A*(1—@A-!B)(1 — A-*B)(A — B)---(A—B). 
To obtain the second line, we have pushed A through the factor (1— A~!B) 
and have used BA = qAB. Hence (1 — A~'B) became (1 — gA~'B). 
By doing this one more time, we have 
LHS = A® (1 — qg*A-'B)(1 —qA-*B)(1 — A-'B)(A— B)---(A—B). 


Note that the exponent of qg increases in the first two factors. 
Repeat this process until the last (A — B) is factored. This gives 


LHS = A" (1 — q”"'A“'B)(1 — q” *A-'B)---(1-—qA*B)(1— A" B), 
or, writing in terms of 
ae ee? (3.22) 
we have 
LHS =A" d= 9" 2) =g" 2) 3 =a = 2) 


At this stage, since (1 — q’z) and (1 — q*z) commute (as z commutes with 
itself), we can write the last equation as 


LHS = A” (z3q)n- (3.23) 
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Next we deal with the right-hand side of Eq. (3.21) similarly. The key 
is to rewrite B’ in terms of power of z = A~!B. Precisely, we claim that 


BP = gh@-DI4 Ak oF. (3.24) 
Indeed 
BY — B*-1(AA~')B (inserted 1 = AA~1) 
= q'-'AB*-!(A!B) (pushed A through B*-") 
= qk! AB*-* (AA~') B(A“1B) (inserted 1 = AA7') 
= q'*-)+(k-2) 4? Bk-2(4-1B)?_— (pushed A through B*~?) 


(k-1)+(k-2)+--+241 gk (A-1B)-. 


This proves Eq. (3.24). 
By combining Eqs. (3.21), (3.23) and (3.24), we have 


n 


nN (». = | k(k—-1)/27__4)\k an k 
Anan =| t] 4 (—1)"A"2", 
k=0 
Applying (A~')” from the left on both sides gives the desired result. 
Remark 3.5. If one prefers not to invoke A~! to derive the q-binomial 
theorem, see Exercise 3.5 Question (3). 


3.5 Exercise 


(1) Prove Eqs. (3.4), (3.5) and (3.7). 
(2) Derive Eq. (3.3) from Definition 3.2. Hint: consider 
(A+B)" = (A+ B)(A+B)""?. 

(3) The goal of this question is to derive the q-binomial theorem from 
Definition 3.2 without involving A~!. Here A and B are such that 
BA=qAB. Define 

C= AB. 
Show that 
CA=qAC. (3.25) 


The last equation means that we can apply Definition 3.2 to the product 
(A+C)": 
n “fn n—kak 
(A+C) => [A] Ce (3.26) 
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Again we have to pull out A” from both sides. Precisely, show that 


(A+C)” = A" (1+ B)(1+ @B)---(1+q"1B) (3.27) 
(this takes care the left-hand side of Eq. (3.26)). Show that 
c* = AP Brg aN (3.28) 


(this will be needed for the right-hand side of Eq. (3.26)). Finally, 
combine Eqs. (3.26), (3.27) and (3.28) to derive the g-binomial theo- 
rem. 


Chapter 4 


Some applications of Jacobi’s Triple 
Product Identity 


In this chapter we present four applications of Jacobi’s triple product iden- 
tity. Some of them will be useful in later chapters. 


Theorem 4.1. For |q| <1 anda=0,1, 


Co Co 


[[G-@ Gad? 24) (1 - gin 34) = ye (Siphon e-29 (4.1) 


n=1 j=-co 


Remark 4.1. This theorem will be useful when we study the Rogers- 
Ramanujan identities. See Part II. 


Proof. This follows from setting z = —q(—4%)/2 


(2.1). 


and q > q°?/? in Eq. 


Theorem 4.2 (Euler’s pentagonal theorem). For |q| < 1, 


hess) Cee (4.2) 


Remark 4.2. This identity will be used in Chapter 12. 


Remark 4.3. For references for Theorem 4.2, see, e.g., Aigner (2007), 
Aigner and Ziegler (2010), Andrews (1998), Andrews and Eriksson (2004), 
Berndt (2006), Bressoud (1999), W. Chu and Di Claudio (2004), Gasper 
and Rahman (1990), Hardy and Wright (2008), and Prodinger (2000). 


Proof. We observe that 


[la-0)=][a-#a-e)0-e"). (4) 


1 n 


3 
ll 
ll 
un 
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This suggests that we scale q — q? and let z — —q~! in Eq. (2.1). This 
makes the product side of Eq. (2.1) become the left-hand side of Eq. (4.2). 
Doing the same on the sum side of Eq. (2.1) gives the right-hand side of 
Eq. (4.2). This completes the proof. 


FYI 4.1 (A bijective proof of Theorem 4.2). D. Bressoud and D. 
Zeilbeger (1985) discovered a beautiful bijective proof for Euler’s pentago- 
nal theorem. Define b(j) := 7(3j + 1)/2. First we note that Theorem 4.2 
can be written as 


Tlo —q")=14+ 3 (a9 a gh) 
j=l 


n=1 


slag gery gq? ag ee. 


This means Theorem 4.2 is the same as 


[[a-4) =dla@d', (4.4) 
n=1 k=0 


where 
+1 k= 0(J) if 97 is even, 
a(k) = 4-1 k=0(j) if j is odd, (4.5) 
0 otherwise. 


By using Eq. (1.8), we can rewrite Eq. (4.4) as 
Sr a(k)a® So p(n)g" = 1. 
k>0 n>0 


This means, for m > 1, we have 


m 


S| a(k)p(m — k) =0. 


k=0 
The last equation with Eq. (4.5) implies 
d= p(m— (9) = Y> p(m—d(4)) (4.6) 
j even j odd 
To prove Eq. (4.6), hence Theorem 4.2, we need to prove 


do P(m-0(9))= >) P(m-0(3)) (4.7) 


j even j odd 
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Recall that P(k) is the set of all partitions of k; cf. Definition 1.1. Following 
Bressoud and Zeilbeger, we prove Eq. (4.7) by constructing the following 
bijection (denoted by ¢). Let \ = (Ai,--- , Az). 


evn {te 1,A,—1,A2—1,---A2 — 1) Case I: if t+ 37 > ry 


O's 4 esha Nees) Case rp sy Sy 
(4.8) 
where there are A; — (t +37) — 1 copies of 1s in Case II. It is not obvious 
why this works. Let us first consider an example. 
Example 4.1. For m = 4, Eq. (4.7) reads 
P(4) = P(2)U P(3), 


where arguments are given by 


4=4-0(0), 3=4—b(-1), 2=4-D(1). (4.9) 
The action of ¢ on the elements in P(A) is: 
(4) = (1,1), 
(3,1) = (2), 
6(2,2) = (1,1,0, 
$(2,1,1) = (2,1), 
(1, 1,1, 1) = (3). 


Let us give some details for the second one: (3,1) has two elements and so 
t = 2. The corresponding j is 0 (see Eq. (4.9)). Hence t+ 37 =2 < A; =3. 
This corresponds to Case II. Hence ¢(3, 1) = (2). There is no 1 at the end: 
Ai — (t+ 37) —1=0. 


What is going on is that @ maps the elements in P(n — b(j)) to P(n — 
b(j +1)). Precisely, let A = (A1,--- , At) € P(n — b(j)). Hence 


t 
JA) = So Ai =n — (3). (4.10) 
i=1 
Suppose Case I holds. We claim that X’ := (A) € P(n — b(j — 1)), ie., 
|\’| = n — b(j — 1). Indeed, 
t+1 t 
SON =t4+37-14+ 001-1) 
i=1 i=1 
=|A|+37-1 
=n-—d(j-1). 
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This simple calculation gives us insight into the definition of ¢ for Case I. 
The addition of +37 —1 is needed, otherwise |’| would be too small. If we 
need to add a part with size +37 —1 in ’ , where should we put it? If we 
put it in the first slot, it has to be big enough, so that t+ 37 —1 > A; —-1, 
or t+ 37 > A. This gives the criteria for Case I. 

If Case II holds, we have ’ := (A) € P(n — b(7 +1)). We leave the 
details to Exercise 4.1 Question (3). 

A moment of thought reveals that ¢? = 1 (see Exercise 4.1 Question 
(4); thinking through this question helps one to understand how various 
parts of the right-hand side of Eq. (4.8) are put together). Hence ¢ is the 
desired bijection. 

For a variation of ¢, see Exercise 4.1 Question (5). 


Theorem 4.3. For |q| < 1, 


Te —gp= yy" (Qn 1) ghery7/2. (4.11) 
n=1 n=0 


Remark 4.4. This identity will be used in Chapter 12. See also Chapter 6 
for generalizations. 


Remark 4.5. For references, see the list in Remark 4.3. 


Proof. In Eq. (2.1), we let q— q'/? and set z — zq'/?. This implies 
(14271) [[Q-a G+ 2%) tz ta) = So rgrtD?_ (4.12) 
n=1 n=—oco 


Let us work on the sum side first. We break it up into two parts, U4+%_, 


where D_ := >, 2-9 2"q"(*V/? and U4, is the rest. Note that we can write 
y= 5 Des is ba a 
n=0 
Hence 
RHS of Eq. (4.12) = $0 (27 4+.27%71) rere 
n=0 


and Eq. (4.12) can be written as 


= n n —liny _ — ean al n(n+1)/2 
Geel Mares \l+2 m=) . (4.13) 


Taking the limit z — —1 in the last equation gives the desired identity. 
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Remark 4.6. Exercise 4.1 Question (6) is related to an application of 
Theorem 4.3. It will be useful in Chapter 17. 


FYI 4.2 (A remarkable four-parameter gq-series identity). K. Al- 
ladi, G. E. Andrews and A. Berkovich (2003) discovered the following re- 
markable four-parameter identity: 


(—Aq)co(—B@) c0(—C'G) 00 (—D 4) 0 
od Tr+Tab+Tact::+Tea—be—bd—cd+4TQ—1+3Q+2Qr 
=o yt 


eye, ‘itis (qal@)o(Q)e(Q)a(@)ab(Q)ac(Q)aa(Qbe(G)oa(G)ca(Qa 
; {(1 _ q’) “dis pica q’) +4 Ge ae ; (4.14) 


See also Alladi and Berkovich (2001, 2002). Let us explain the notation. 
Tn := n(n + 1)/2 is the n-th triangular number. Note that ab, ac, ad, 
bc, bd, and cd are parameters and that ab is not a multiplied by 6, with 
similar interpretation for ac, ad, bc, bd and cd. For n > 0, we define 
(a)n := (@;q@)n as defined in Eq. (1.5). For n < 0, we define (a), = 
(a: @)_ = jad —aq4)~'. The i, j,k, l—constraints on the summation 
variables a, b,c,d,ab,...,cd,Q are 


i=atabt+ac+ad+Q, 
j=b+ab+bet+ bd+Q, 
k=ctact+bce+cd+Q, 
l=d+ad+bd+cd+Q. 


(4.15) 


Finally, we define 7 :=a+b+c+d+ab+ac+ad+ bc+ bd + cd. 

Equation (4.14) is remarkable because it extends a deep partition theo- 
rem of Gollnitz (cf. Theorem 3 in Alladi, Andrews and Berkovich (2003)). 
Amazingly, it reduces to Eq. (4.13), which is a form of Jacobi’s triple prod- 
uct identity! Indeed, let us set D = —1, C = B~! (this is similar to z and 
z+ in Eq. (4.13)), and A= 0. This implies Eq. (4.14) becomes 


co Betts BO 
1—q")(1+ Bq")(1+B-'q") = a 
[[a-eya+aeya see) = (FEE) om, 


n=1 n=0 


which is Eq. (4.13). 


26 Some applications 


Theorem 4.4 (A second look at the Quintuple product identity). 
For z £0 and |q| <1, 


Co 


II (1 _ q’) @l 7 zq”) (1 oe z-tq"-1) (1 2 eer) (1 _ erg) 
n=0 
= S- gen? (Ze 2 foes) : (4.16) 


Remark 4.7. One way of proving (an equivalent form of) Theorem 4.4 was 
discussed in Exercise 2.1 Question (ex 2.1). Here we give a second proof 
using Jacobi’s triple product identity. This proof is due to L. Carlitz and 
V. Subbarao (1972). 


Proof. We denote by f(z) the left-hand side of Eq. (4.16). We note that 


F(2) = (9) 00 (24) 00(2*)oo Career ON Cama a 
a ——_—_—_ 
(use Eq. (3.16)) (use Eq. (3.16) with z — z?q, q— q?) 
1 ~ mm l—mMm _m\(m— ~ nm nm n? 
eave DO Da aa acer aa Sy a le 
(4.17) 
Let us write 
f= >> cez* (4.18) 
k=—co 


and our goal is to solve for c,. To this end, we multiply the two sums in 
Eq. (4.17) and regroup terms. Precisely, 
(We Ha= So eae ae ere 


m,n=—0co 


Co Co 


= S- ghgh(k+1)/2 S- (—1)8?-Fg3n?-@k+1)n 
k=—00 n=—0co 

_ S- ZeghED/BS~ (—1)hgl-D/s, (4.19) 
k=—oo U 


To obtain the second line, we have replaced m by k = 2n — m in the first 
line (so that the exponent of z is k). To obtain the third line, we have 
replaced n by | = 3n —k (so that the exponent of (—1) is 1). The notation 
ai means we select those | € Z such that 


i+k=0 (mod 38), (4.20) 
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(this is because 1+ k = 3n). Note that the exponent of q changed from 
k(k + 1)/2 to k(k + 1)/6. 
Now we can infer a formula for c, by comparing Eqs. (4.18) and (4.19): 


gk (k+1)/6 


se) (HD gh 9, (4.21) 
2+ 2 
(975 9) 00S 


Ck = 


Amazingly, c, can be further simplified by considering the residue classes 
modulo 3 (which is motivated by the constraint on J in Eq. (4.20)). 

For k = 3r, Eq. (4.20) implies 1 = 0 (mod 3). Let us write 1 = 3). 
From Eq. (4.21), we have 


r(3r+1)/2 8 


C3r >= TES S- (—1)3 9 85-D (note: (-1)8 = —1) 
G3 IV )oo pees 
r(3r+1)/2 
=e WP f @)oo (use Theorem 2.1) 
G3 Too 
= graye. 


Similarly, one can show that 
C_3r—-1 = —C3r = ayer)? (4.22) 


This is Exercise 4.1 Question (1). 
Finally, for k = 3r — 2, we set 1 = 37 + 2 and 


(3r—2)(3r—-1)/6 & 


a @ | (37 +2)(39+1)/3 
3-2 = —s> —1)5 gs 
an (975 Joo Pa ) 
gr Grt+1)/2 
~ (@2. HF (a; a Yo0(15 4°) 06 (use Theorem 2.1) 
(G?3q*)ee 
=> 0, 


as the first factor in (1;q°)oo is 1— q®? =0. Hence 


CO 


foe) 
{Qs os ep ee ie ye > gr arth /2 (2° = 2-3r-1) : 


Tr=—cCo r=—co 


This completes the proof of Theorem 4.11. 
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4.1 Exercises 


(1) Prove Eq. (4.22). 
(2) (On the Bressoud-Zeilbeger bijection; cf. FYI 4.1) For m = 6, Eq. 
(4.7) reads 


P(1) U P(6) = P(4)U P(3). 


Work out the action of ¢ on the elements in P(1) U P(6). Example: 
9(5,1) = (2,1,1). Do the same for the elements in P(4) U P(3). Ex- 
ample: $(2,2,1) = (3,2,1). These allow one to verify explicitly that 
g=l. 

(3) (On the Bressoud-Zeilbeger bijection; cf. FYI 4.1) Let 


N= (Ar, +++ At) € P(n — b(j)). 


Suppose Case II of Eq. (4.8) holds. Prove that ’ := (A) € P(n—- 
b(j + 1)), ie., 
IN] =n— 0G +0), 


(4) (On the Bressoud-Zeilbeger bijection; cf. FYI 4.1) Show that ¢ defined 
in (4.8) satisfies ¢? = 1. 
(5) (A variation of the Bressoud-Zeilbeger bijection; cf. FYI 4.1) Define 


(A) = (6— 39 = 2,4; — 1,%2A¢ — 1) Case i ift— 39 —1 > 4 
(Agb Tyetay Ap Ley) Case Ilr ift— 37—1< Ai 


where there are A; — (t — 37) copies of 1 in Case II. Show that e=l. 
Note: this is how ¢ takes the elements of P(4) to P(2) U P(3): 


doy e {rere ift— 39-121 
P(n—b(j-1)) ift-37-1l<r 
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(6) This is due to M. Hirschhorn (1999) and will be useful in Chapter 17. 
Let us write Theorem 4. L3 as 


Tk 1—q") -> OF (4.23) 
n=1 
where C,,(q) := (—1)" (2n + 1) q n(nt1)/2- This implies 
lee) 9 
Ho-w=¥( > 7 aay 
n=1 1=0 nN=zi (mod 10) 


=Si 
This is motivated by the fact that (—1)” (2n+ 1), modulo 5, organizes 
nicely according to n (mod 10): 


+1 ifn=0,9 (mod 10), 

+2 ifn=1,8 (mod 10), 
(-1)"(Qn+1)=40 ifn=2,7 (mod 10), (4.25) 

—2 ifn=3,6 (mod 10), 

—1 ifn=4,5 (mod 10) 


We define J; and Jy by 


J, := So t+S9+ S44 55, (4.2 
Jz := $1 + Sg + 834+ Se. (4.27) 
Show that 
[[Q-9"% =A4+ (mod 5). (4.28) 


n=1 
Note that 3°, ang” = >°,, bng” (mod m) means an = bn (mod m). 
Also, prove that J, and q~!J2 are congruent to functions of gq? (mod 5). 
That is, prove that there exist functions A and B such that 


J, = A(q’) (mod 5), (4.29) 
Jo = 2qB(q’?) (mod 5). (4.30) 
Hints. For example, by using Eq. (4.25), we have 
S= dS) (-1P(Qn+41)qrrtvP 


n=O (mod 10) 


= S- grt+D/2 (mod 5) 


n=0 (mod 10) 


25" Gyr aid 5). 


n>0 
In particular, the last line shows that Sp is congruent to a function of 
gq, modulo 5. 
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Chapter 5 


The Boson-Fermion correspondence 


In this chapter we give a combinatoric proof of Jacobi’s triple product 
identity. This proof, due to R. Borcherd, explores two different ways of 
counting the underlying configurations. Such counting is related to the 
idea of fermions and bosons in physics. 


FYI 5.1 (Bosons and Fermions). Fermions are particles that obey 
the Pauli exclusion principle: no two fermions can occupy the same (quan- 
tum) state. For example, electrons are fermions. 

In contrast to fermions, bosons are particles of which two or more can 
occupy the same (quantum) state. Examples are photons and gauge bosons 
(such as W~* and Z). 

One can take two fermions to form a (composite) boson. A famous ex- 


ample is the Cooper pairs in superconductivity: they are formed by bound- 
ing two electrons together. Based on the idea of Cooper pairs, J. Bardeen, 
L. Cooper and J. Schrieffer developed a theory of superconductivity (the 
BCS theory) and won the 1972 Nobel Prize in Physics. 


Sees 

Below we will follow Wassermann (2006). See also Cameron (1994) 
and Chapman (1999). Prodinger (2000) gives an excellent exposition on 
Chapman’s idea. 


5.1 Borcherd’s idea 


We identify each point i € Z+ 1/2 as a level. Associated with the i-th 
level are: 
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e Occupancy m,, which is either 0 or 1. If a level is occupied (m; = 
1), we call it a particle. Otherwise it is unoccupied (or, the level is 
empty), and we call it a hole. These particles are fermonic: m; is at 
most 1. 

e Energy e; := 7. 


We will be interested in configurations involving infinitely many parti- 
cles; i.e., configurations with infinitely many occupied levels. 

The vacuum state, is the configuration with all negative energy levels 
(—1/2, —3/2,---) occupied (this is usually referred to as the Dirac Sea). 
We will denote it by vac. See Figure 5.1(a) for a graphical representation. 


——o—__o—__o—___0—__90—__.0-—_—_o—_ 0+ ——___o——> 
9/2 -7/2 -5/2 -3/2 -1/2 = 1/2 3/2 5/2 7/2 9/2 11/2 13/2 15/2 


“9/2 -7/2 -5/2-3/2 -1/2—s 1/2 3/2 5/2 7/2 9/2 11/2 13/2 15/2 


S 


1 
-9/2 -7/2 “3/2 -3/2 1/2 1/2 3/2 5/2 V2 9/2 14/2 13/2 15/2 


id 


vac(2 er ees oe 
-9/2 -7/2 = --5/2.—-3/2_— -1/2 1/2 3/2 5/2 7/2 9/2 11/2 13/2 15/2 
(c) 


Fig. 5.1 (a) The vacuum state vac. Each solid dot represents an occupied level. (b) 
An admissible state S;. Compared with vac, levels 13/2,9/2,7/2 and 5/2 are added, 
while levels —1/2 and —7/2 are deleted. (c) Obtaining S; from vac(2). 


An admissible state S is a state that is different from the vacuum state 
by finitely many levels. One such example is shown in Figure 5.1(b). 
Associated with each admissible state S are: 


e Q(S), the charge of S, which is the number of occupied levels in S 
relative to the vacuum state. 
e H(S), the total energy of S relative to the vacuum state. 
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Example 5.1. Let us calculate Q(S) and H(S}); cf. Figure 5.1(b). 
Q(S1) = +4 + (—2) = 2. 
The first term, +4, comes from the four states that are not in the vacuum 
state (ie., 13/2,9/2,7/2,5/2). The second term, —2, comes from its holes 
ke 17/9). 
For the total energy of 51: 


H(S1) = e13/2 + €9/2 + €7/2 + €5/2 — €-1/2 — €-7/2 = 21. 


With the above understood, we can evaluate in two different ways the 
partition function 
Zg2)= AMG (6.1) 
all admissible S 


Fermionic evaluation of Z(q, z) 
Since each level is either occupied or empty, we have (with 1 € Z + 1/2) 


Z(q, 2) = II (1 +4 ztlg*) II (i of z-tq-*) 


i>0 i<0 
= II (1 + zg) (1 + ere) (5.2) 
n=1 


In the first line, the first (second) infinite product comes from the positive 
(negative) levels. Note the minus sign in the exponent of g~°. It is negative 
because it is measured relative to the vacuum state. 


Bosonic evaluation of Z(q, z) 
This is based on a different way of describing admissible states. Let us 
define (with n € Z) 


vac(n):= the state with all levels < n being occupied. 


Note that vac = vac(0). 
Any admissible state S with charge n can be constructed as follows. 


Start with the state vac(n). 

e Move the top occupied level (¢ = n — 1/2) to n— 1/2 + Aq, the top 
occupied level in the desired state S. 

Move the next occupied level (i = n — 3/2) to n — 3/2 + Az. Note that 
n—1/2+A, >n—3/2+ Az (the occupancy of each level is almost 1) 
implies Ay > Ag. 

Keep repeating this procedure until the desired state is obtained. 
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See Figure 5.1(c) for an example. Hence \; > Az > --- > 0 describes all 
admissible states with charge n. Note that we can think of A = (Aj, A2,°--) 
as a partition of |A| (see Definition 1.1). 

To complete the bosonic evaluation of Z, we write H(S) for S with fixed 
charge n as follows: 


H(S) = z + i (5.3) 


where the first term is H(vac(n)), the total energy of vac(n). Hence 


Zqaz)=> 527 So gh®) 


neZ § with chargen 


= S- yn S- gr (2424 Ni 


n€Z  r>Ag>- 


=S> 2g? | > p(mja™ 


neZ m>0 
1 2 
_ nn /2 
=—— ) eg ts (5.4) 
(doo neZ 


Equating Eqs. (5.2) and (5.4) gives Eq. (2.1), Jacobi’s triple product 
identity. 


Remark 5.1. The “boson-fermion correspondence” in the title of this 
chapter refers to the fact that Z(q, z) can be evaluated in the bosonic way 
and in the fermionic way. 


Remark 5.2. There is a geometric way to associate admissible states and 
partitions. Consider again the state 5. See Figure 5.2. 

Flip and rotate the Young diagram of A = (5,4, 4,4, 1,1) and place the 
tip of the wedge at n = 2, which is the charge of S;. Every piece of the 
northeast boundary of the Young diagram (represented by a bold line)—with 
its length equal to the side of a cell—is associated with an occupied level in 
S, as shown. This kind of geometric way of viewing fermonic states and 
partitions is used in the studies of random partitions, see Okounkov (2006) 
for an excellent introduction. 


Remark 5.3. The bosons in the second way of evaluating Z(q, z) are called 
the particle-hole excitations, labeled by {;} (e.g., see Sachdev (2001) and 
Stone (1994)). In the case of 5; (cf. Figure 5.1(c)), there are a total of 
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-9/2 -5/2 -3/2 5/2 7/2 9/2 13/2 


Fig. 5.2 A geometric way of relating S; with the partition (5,4,4,4,1,1). 


six bosons: one for \ = 5, three for \ = 4, and two for A = 1. Note that 
the arrows in Figure 5.1(c) correspond to these bosons. They are bosonic 
in nature; for example, we can have more than one particle-hole excitation 
corresponding to the same . (e.g., \=4 and A=1 in S}). 
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Chapter 6 


Macdonald’s identities 


In Chapter 4 we proved that, for |q| < 1, 


I[a -g)= y (-1)¥@?@I+)/2 (Theorem 4.2), 

n=1 j=—0o 

[[a -q*) = So(-1)" (Q2n+1)qrt/?2 (Theorem 4.3). 
n=1 n=0 


For k being a positive integer, what can we say about [][,,(1 — go)? ain 
general? I. G. Macdonald gave an affirmative answer to this question and 
discovered a family of remarkable identities which are now known as Mac- 
donald identities. 

In this chapter we will look at the simplest non-trivial case of Macdonald 
identities, which turns out to be Jacobi’s triple product identity. Keys 
ingredients in our derivation are the affine Lie algebra si(2, C) and the Weyl- 
Macdonald-Kac denominator formula. It should be said at the beginning 
that our presentation is aimed at absolute beginners. Some technical details 
will be omitted, but interested readers can find them in standard references 
such as Carter (2005) and Kac (1994). 

In Section 6.1 we will look at s!(2,C). In Section 6.2 we will look 
at its affine version, which is crucial to our understanding why Jacobi’s 
triple product identity can be interpreted as a Macdonald identity (cf. Sec- 
tion 6.3). 


FYI 6.1 (More on Macdonald identities). Macdonald’s paper Affine 
root systems and Dedekind’s n-function (Macdonald, 1972) is a milestone in 
the study of powers of Euler product [J,,(1—q")*. For example, Macdonald 
proved that 
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Theorem 6.1. Let t be an odd positive integer. Define the Dedekind - 
function by n(q) := q'/?4 Tinsi(l — 9"). Then the following is true: 


td ads S- TI — v;) gvorei te Hue 1)/ (2b) (6.1) 


(voy ve-1) EZ ASI 
vi=i_ (mod t) 
Vot-:+04—-1=0 


where co is a numerical constant. 


7(q) 


In fact, Macdonald found similar formulas for 74(q) whenever d is the 
dimension of a finite dimensional Lie algebra. For elementary proofs of 
Macdonald identities, see, e.g., Cooper (1997), Milne (1985), and Stanton 
(1989). For recent developments, see, e.g., Rosengre and Schlosser (2006) 
and P. C. Toh (2008). 

While d = 26 is not the dimension of any finite dimensional Lie algebra, 
it is known that analogous identities exist for d = 26; see Dyson (1972). 
For recent breakthrough for identities for 7?°(q), see H. H. Chan, Cooper 
and P. C. Toh (2006, 2007). 

Around the same time when Macdonald discovered his identities, F. J. 
Dyson, a famous physicist who enjoys number theory as a hobby, was also 
working on the same problem. In fact, both of them were at the Institute for 
Advanced Study in Princeton at the time and they saw each other from time 
to time because their daughters were in the same class at school. But they 
did not realize that they were working on the same problem. The reason, 
according to Dyson (1972), is “since he [Macdonald] was a mathematician 
and I [Dyson] was a physicist, we did not discuss our work.” 
Tees 


6.1 Lie algebra g = sI(2,C) 


Definitions 
We start with defining sl(n, C): 


Definition 6.1. 
sl(n,C) := The set of n x n traceless matrices over C. (6.2) 


We will mainly focus on the case g = sl(2,C). We note that, if g € g, 
then 


b 
a= (02) )=ahtben teen (6.3) 


Cc 


6.1. Lie algebra g = sl(2,C) 39 


where a, b and c € C and 


Peto ana.) weer) (6.4) 


By direct computation, one can show that (with [a, 6] := ab— ba) 
[h, Cte | = 24a, (6.5) 


[exyena) = hy (6.6) 


with all other commutators being zero. 


Remark 6.1. The subscript a will be identified as the root of sl(2,C). 


Cartan decomposition 


Because of Eq. (6.3), we have the following decomposition: 


9 = Gta PH Og_a (6.7) 
where 
h := CA, 
Gta := Cet. 
Remark 6.2. 


(1) 6 is called the Cartan subalgebra (i.e, the maximal abelian subalge- 
bra of g acting diagonally). 

(2) In the present case, we have dimh = 1. In general, the dimension of 
the Cartan subalgebra is called the rank of the Lie algebra. 


The decomposition in Eq. (6.7) can be viewed as the decomposition of g 
under the adjoint action of §. This is where the concept of roots enters. 
Precisely, a is called a root of g if 


a € h* = Hom(h, C) = the dual of 
such that 
[h, Ca] = a(h) eq. 
That is, the pairing a(h) gives the eigenvalue of h (under the adjoint action 
[h, @]) with eigenvector eg. We note that this is the general definition of 
roots and is applicable to Lie algebras other than sI(2, C). 


Let us denote by ® the set of all roots (i.e., the root system). In 
general, we split it into two disjoint sets: 


©=OTUG, 
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where ®* (®~) is the positive (negative) roots and ®* = —®~. This kind 
of splitting is crucial in formulating denominator identities. 
When g = sl(2,C), we have only two roots, +a and we can write 
® = {+a,-a}. 


We can choose ®* := {+a}. 
The decomposition Eq. (6.7) can be written formally as 


9=be Dap (6.8) 
BE® 
with 
Gg:={xeg| [h, cz] = G(h)x, for allh € bh}. (6.9) 


This, in fact, is the general definition of the Cartan decomposition. 
Below we will see analogous decomposition for the affined version of g. 


Weyl’s denominator formula 


Let us state the Weyl denominator formula 


II (l-e*%)= S- e(w) eM)? (6.10) 
acer wew 
Here W is the Weyl group, a group on ® generated by reflections. €(w) 
is the sign of w, defined by det(w). Finally, p is the Weyl vector, defined 
by p = (1/2) >’ gc@+ 6. This is true for any finite dimensional simple Lie 
algebra. Readers can consult Carter (2005) and Kac (1994) for details and 
proofs. 

Without going into details concerning the Weyl groups, we note the 
following. For g = sl(2,C), W = ue = Zp. For g = sl(n,C), W = Sh, 
the permutation group on {1,2,---,n}. 

Let us apply Eq. (6.10) to sl(2,C). In this case, we have 


p= a/2, 
w=41, e+1)=+1, 
0, ifw=1; 
w= 0= {oy a itu a. 


As a result, the left-hand side of the Weyl denominator formula Eq. (6.10) 


gives 
][ @-e%) =1-e° 


aEeet 


pees 


6.2. Affine Lie algebra g = sl(2,C) 41 


while the right-hand side gives 
S> e(w) el? = (41)e° + (-le™. 
wew 

Equation (6.10), in this case, gives a trivial identity. 

We note that in the case of g = sl(n,C), the Weyl denominator for- 
mula gives the determinant formula of the Vandermonde matrix; see Carter 
(2005) for details. 

With the above understood, let us turn to the affine version of g. 


6.2 Affine Lie algebra g = si(2, C) 


Defining the affine Lie algebra 
The affine version of g is denoted by g. Let us define the (rescaled) Killing 
form on g: 

(x, y) := trace (xy), 


where x, y € g. Defining g will involve three steps. 


Step 1. Consider the loop algebra 
Lg :=g® Cl, t~"). 


Here t is a formal variable, and C[t, t~'] denotes the ring of Laurent poly- 
nomials. The elements of Lg have the form x ® t', where x € g andi € Z. 
The multiplication rule is very simple and natural: 


[r@t', y@t] -=[2, yor. 


Step 2. Next we consider the central extension of Lg: 


Lg := Lg @Ck. 


Here k is the central charge and it commutes with everything else ([k, -] = 
0). The commutator for x ®t” and y ® t” is defined by 


[z@t™, y@t"] = [z, yy ot" + mk(z, y)dm4no- 


Step 3. To obtain the affine Lie algebra g, we need to slightly enlarge Lg 
by adding to it the operator d: 


g:= Lg @Ck Oo Cad, 
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where the non-vanishing commutators involving d are given by 
[d,c@t™)=nxz@t”. 
That is, d reads off the mode n of x ®t”. 


With this understood, let us turn to the root space decomposition of §. 


Root space decomposition 
This is analogous to Cartan decomposition for g. First we extend § to b: 
b= 6 @Ck@ Ca. 


This is a maximal abelian Lie algebra inside g. Indeed, let us consider 
an element x ® t” which commutes with h. Commuting with d implies 
[d, r@t"] =nxz@t” =0;i.e.,n =0. The vanishing commutator [7 @1, 5] = 
O implies x € h. 

To decompose g into root spaces through the (adjoint) action of h, we 
need the dual elements of k and of d. Let us define 

4, 6:h>C 

by 


¥(5) = 0, ¥(k) =1, y(d) = 0, 


5(h) = 0, 5(k) = 0, 5(d) = 1. 


With the above understood, we define the affine root system, the set of 
affine roots, as follows: 


& = {a+ nb; a€ 8, n€Z}U {nd;n€ Z\ 0} 
— Pre U De 
Here ®,¢ (® im) is the set of real (imaginary) roots. The reason for such 
a splitting is because ®,. and ®;,,, could have different multiplicities for 
general affine Lie algebra (the multiplicity of ®,. is 1, while the multiplicity 
of ®jm, in general, equals the rank of the underlying Lie algebra). 
Once again we split ® into two parts: 


6=6+uUGg-, 
where 


6+ = 6+ U{atnd; a€ 6, n> 0} U {nd;n > 0} (6.11) 


pees 
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and 6- = —6+, 
With the affine root system defined, we have the following root space 
decomposition: 


6=6e@ fz, (6.12) 
aed 
where 
j= {« €§| (h, 2] =4(h)x, for alle ht (6.13) 


Note that Eqs. (6.12) and (6.13) are analogous to Eqs. (6.8) and (6.9). 


The Weyl-Macdonald-Kac denominator formula 


Finally, we state the Weyl-Macdonald-Kac denominator formula for affine 
Lie algebras: 


TL G0" = SY elie? (6.14) 


aceé+ weWw 


Let us explain these hatted symbols and mention what they are in the case 
of g = sl(2,C). For complete definitions and details, see Carter (2005) and 
Kac (1994). 


(1) m(d) is the multiplicity of the root @ For st(2,C), m(a) = 1 for all 
roots. 

(2) W is the affine Weyl group. In general, it has the form W = W x T, 
where T is a certain translation group. For si(2,C), W =Z2«Z. 

(3) €(w) is the sign of w. 

(4) fis the affine Weyl vector. Recall that 7 is the dual of k, and we have, 
in general, p = p+ hy, where hY is the dual Coxeter number of the 


lcstaeera 


underlying affine Lie algebra. For sl(2,C), we can set p = p + 274. 


In a nutshell, one obtains Macdonald’s identities by applying Eq. (6.14) 
to suitable affine Lie algebras. 
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6.3. Deriving Jacobi’s triple product identity from the 
Weyl-Macdonald-Kac denominator formula 


Let us apply Eq. (6.14) to @ = si(2,C). The left-hand side of Eq. (6.14) 
gives (with z := e~* and q:= e~°) 


(1—g") 


al 


(1 — z) TI’ 1 — zq")(1 — z—1q") 


n=1 


~ II Praag DS ee (6.15) 


Note that various factors in the first line appear in the order of the right- 
hand side of Eq. (6.11). 

To express the right-hand side of Eq. (6.14), we need the following (for 
details, see Carter (2005)). As mentioned above, W = Z2 x Z. Hence (with 
WE Zz) 


i(a) - p= 2na — n(2n + 1)d, ifw=+1; 

Py PS) (n+ la—n(Q2n4+1)6, ifw=-1. 

Also we have ¢(w) = 1 for the first case and —1 for the second. With this 
understood, the right-hand side of Eq. (6.14) is given by 


w=+1 nEZ 
= s e2na—n(2n+1)6d Ss x, e7 2ntlja-n(2n+1)65 
neZ neZ 
= Di gen gpenty) = S- g etl nent) 
nez neZ 
SS ela we. (6.16) 
meZ 


Combining Eqs. (6.15) and (6.16) gives Jacobi’s triple product identity. 


PART 2 


Part II: The Rogers-Ramanujan 
Identities 
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Chapter 7 


Rogers-Ramanujan Identities: 
First proof (via functional equation) 


In this and the next two chapters, we give several different proofs of the 
famous Rogers-Ramanujan identities (see, e.g., Berndt (1991, pp. 77-78)). 


Theorem 7.1 (Rogers-Ramanujan identities). For |q| < 1, the fol- 
lowing are true: 


co gh a 1 

d (Qn (45.4 ool G4; G®) 0” eo 
ised gr tn _ 1 
es (Q)w ~ (a? daa (aF ya )oo’ 2) 


These are called the first and the second Rogers-Ramanujan identities re- 
spectively. 
Note that we can write these identities as (with c = 0, 1) 

BE 1 


oe Be Cea a Cmorn oee ce) 


Later in Chapter 12 we will show that the right-hand sides of Eqs. (7.1) 
and (7.2) can be replaced by expressions in terms of the Golden Ratio, for 


example, 
n? love) 1 
q 
ore #(° Ul aaa Naas): 


where 6 = —1/a:= 45. See Eqs. (12.18) and (12.19) and their proof. 


Let us mention the combinatorial interpretation of the Rogers- 
Ramanujan identities (see Andrews (1998) for details): 
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Theorem 7.2. Equation (7.1) is equivalent to the following: the number of 
partitions of n whose parts differ by at least two is the same as the number 
of partitions of n whose parts are congruent to 1 or 4 (mod 5). 

Equation (7.2) is equivalent to the following: the number of partitions 
of n whose parts differ by at least two and 1 is excluded as a part is the 
same as the number of partitions of n whose parts are congruent to 2 or 3 


(mod 5). 


FYI 7.1 (Alder’s conjecture). Let 


qa(n) = the number of partitions of n into parts differing by at least d, 


Qa(n) = the number of partitions of n into parts = +1 (mod d+3), 
Aa(n) = qa(n) — Qa(n). 


Motivated by the Rogers-Ramanujan identities and a result of I. Schur in 
1926, H. L. Alder, in 1956, made the following conjecture: 


Conjecture 7.1. If d,n> 1, then Ag(n) > 0. 


The cases for d = 1, 2,3 are true, as they are implied by the Euler’s identity 
(for d = 1), the first Rogers-Ramanujan identity (for d = 2), and the result 
of Schur (for d = 3). 

The first major advance toward this conjecture was made by Andrews 
(1971), who proved that Alder’s conjecture holds for all values of d that are 
of the form 2*-—1, s >4. A. J. Yee (2004b, 2008) made a very significant 
breakthrough recently by proving the conjecture for d = 7 and for all d > 32. 
The remaining cases (4 < d < 30, d £ 7,15) were finally settled by Alfes, 
Jameson and Oliver (2011). 


Our first proof is based on the following identity, which is an a-deformed 
version of Eq. (7.3). 


Theorem 7.3. With m = 1,2 anda being a parameter, the following iden- 
tity 1s true: 


Oo nm? +(1—m)n oo 
SS aes = wep wa _ ae) C,(a). (7.4) 


n=0 r=0 
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Here 
5 1 
Ar) = uc (7.5) 

- (7.6) 

(hg) g?) ently ch —agh )Cleesmgrrs jeer: 8° 

A useful property of C;(a) is as follows. First we define the operator e. 
Definition 7.1. Let f = f(a) and define the operator € by 

€ f(a) = f(aq). 


In other words, € scales the variable a by a factor of g. Note that this is 
equivalent to the one defined in Example 3.2. 


With this understood, we observe that 


om 
Q 
— 
a 
wa 
I 
— 
ee 
| 
=) 
8 
3 
——, 
Q 
— 
—) 
wa 
— 


Before we prove Theorem 7.3, let us note that it implies the Rogers- 
Ramanujan identities. Set m = 2 and a = q. These values make 
Cr(q) = 1/(g)co- The left-hand side of Eq. (7.4) gives the left-hand side of 
Eq. (7.1). The right-hand side of Eq. (7.4) becomes 


1 
5 Soyer = gr) 
Doo r>0 
_ 1 ye Die: ace! -So(-1)" A(r)+4r+2 
(Q)oo r>0 r>0 
1 
= re ye 1g + S- (-1)7 gp 
Y)oo r>0 r<—1 
ANPP Noh ae (CIe xe 


(doo 


To obtain the last step, we have used Theorem 4.1. This gives the right- 
hand side of Eq. (7.1). The deduction of Eq. (7.2) is similar (cf. Exer- 
cise 7.1 Question (1)). 
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Proof of Theorem 7.3 


The proof we give here is the one in Hardy and Wright (2008). The key 
idea is similar to our first proof of Jacobi’s triple product identity (cf. 
Chapter 2). We denote by H,,(a) the right-hand side of Eq. (7.4), where 
m = 1,2. Note that the case m = 0 also makes sense and Ho(a) = 0, as 
(1 — a°q°) = 0. Our proof consists of two key steps. 


Step 1. We first show that H,,,(a) satisfies the following functional equation: 

Hin(a) = Hm_1(a) + a1 H3_m(aq). (7.9) 

This is a tricky step, as the form of H,, (the right-hand side of Eq. 

(7.4)) looks rather complicated and it is not obvious why Eq. (7.9) is true. 

Let us first define some symbols to cover up the complexity of H,,. This 

will also help us to keep track of various terms in the proof of Eq. (7.9). 
As suggested by its form, we each term into two parts as follows: 


Toe ay Bea), (7.10) 


where r runs over all integers. Here al” and ok” are defined as follows. 
For r > 0, 
al™ (a) = (-1)" a?" YO-™" C,.(a), (7.11 
Bo (a) = (= 1)"a Setar a (7.12) 
and, for r < 0, al (a )= Bk” (a )=0. 
For the same bookkeeping reason, let us define another operator 6. 


Definition 7.2. When m is a superscript or a subscript, the operator 6 
acts on ™m as 


Ofm = fim _ hiner 
(and similarly for 6f(™). 


For example, Eq. (7.9) can be written as 
642 (0) = 0" Hs ,(a9). (7.13) 
Also we have 66°" = B&™ — Bf") ete. 
Next we prove the following identities (with 6 acting only on the index 
m): 


bad™(a) = -a"-*e (BG (a)), (7.14) 
6B6™ (a) = —a™-1e (af-"™)(a) ) : (7.15) 
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Let us prove the second one. 
56k” (a) = BY” (a) — AL" (a) 
(= 1)"a me 1) ger (ag = 1) C,-(a) 
Saige ed PO We Nee O(a): . (ase Rqe (7.7) 
= qm, (ori sm )"C(a)) ; 


which is the desired result. The deduction of Eq. (7.14) is similar (but one 
has to use Eq. (7.8) instead of Eq. (7.7)); see Exercise 7.1 Question (2). 

We are ready to verify Eq. (7.9), or its equivalent form Eq. (7.13). 
Indeed (with 6 acting only on m) 


= S > dal (a) — 686" (a) 
= e(Sal a8-™) (a) — e25™ (a ) (by Eq. (7.14) and (7.15)) 


oe ate ™a ger ™a ) 


= a” 1¢€H3_m(a). 


l | 


To obtain the third equality, we have used the fact that (ignoring for the 
moment the superscript 3 — m and the argument a) 5°, Gr—-1 = Go + Ai + 
Go +-++-= 35, G-. Hence we have Eq. (7.13), as € scales a to ag. 


Step 2. Next we solve Hm(a) as a power series (in a). First we note that 
Eq. (7.9) involves H,,, Hm—1 and H3_,. They have different subscripts 
and this complicates the matter. We can simplify things as follows. Plug 
in m = 1,2 in Eq. (7.9) and we have (recall that Hp = 0) 


Hy (a) = H2(aq), (7.16) 
H2(a) = Hi(a) + ay (aq). (7.17) 


They can be written as a single functional equation in H,, (for m = 1, 2): 
Hy» (a) = Hm(aq) + aq?-™ Hm(aq’) (7.18) 


(the proof of this equation is Exercise 7.1 Question (3)). Write 


= 2 Cpa”. (7.19) 
n=0 
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We note that cp = 1 as H,,(0) = 1. To determine the unknown c,, we plug 
the series Eq. (7.19) into Eq. (7.18). This gives 


S Cpa” om S Cnqra” +4 S Cn Ger te magn tt, 
n 


n n 


By comparing the coefficients of a” on both sides, we have 


2n-—m 
Cn = a ey 
ee) 
Iterating the last equation gives 
gh +(l=m)n 


Cn = 


(i g@)ie+ (i a) 
This gives the left-hand side of Eq. (7.4) and we are done. 


7.1 Exercises 


(1) Deduce Eq. (7.2) from Eq. (7.6). Hint: set m= 1 and a = q and use 
Theorem 4.1. 

(2) Prove Eq. (7.14). 

(3) Prove Eq. (7.18). 


Chapter 8 


Rogers-Ramanujan Identities: 
Second proof (involving Gaussian 
polynomials and difference equations) 


In this chapter, following Andrews (1970) and Schur (1917), we give a 
second proof of the Rogers-Ramanujan identities (Theorem 7.1) based on 
the following identity: 


Theorem 8.1. Fora =0,1, the following is true: 


Sig * | - S- (-1yiq 2 | esi | , (8.1) 
2 


720 j=—00 
A ; ; wits 
where B\| oe Gaussian polynomials defined in Definition 3.1. 


This identity can be thought of a finite version of the Rogers-Ramanujan 
identities. To see this, we let n go to oo in Eq. (8.1). By Eq. (3.6) and 
(3.7), the above identity implies 

gi +43 1 


in 1) 9) (59+1)/2-2aj 
ae One 
1 


Z j 


Se (Ge a ee as by Theorem 41) 


© (G8 00 (4% Goo’ 
which is Eq. (7.3). 

To prove Eq. (8.1), we proceed as follows. We denote by Eni (Dnii) 
the left-hand (right-hand) side of Eq. (8.1). If we can show that they satisfy 
the same (second order) difference equation 

Fy41(a) = Fr(a) + q?F°"" Fy_1(a) (8.2) 
with the same initial values (indeed, F(a) = F(a) = 1), then we are done: 
E,,(a) = D,(a) and Theorem 8.1 is established. 
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Verifying the initial conditions is rather easy (just apply the definitions 
of E,(a) and D,(a)) and this is Exercise 8.4 Question (1). Let us turn to 
the more involved parts. 


8.1 E,,(a) satisfies Eq. (8.2) 


We denote by fa(j) the exponent of g in Ey+1(a); i-e., 
falj) =F +05 (8.3) 


(note that this is independent of n) and hence 
a fuged 
E,(a) = Yo gfe) ie j | 
(a) ” i 


Note that non-vanishing contributions in the sum come only from non-zero 
Gaussian polynomials such that 0 < 7 <n—1-—-j (recall Definition 3.1). 
The difference equation Eq. (8.2) can be easily verified: 


Enyi(a) — Eq(a) = So gh) dedi 7 Pe) 


J 


Pap eer | 
= S- gh Gtn—23 ee | (by Eq. (3.3) 
J 


J 


n+a— j n-j-2 
= grt ive) J |. 
J 


ssa gi pees [Oe ap 8 2 
= eg ‘i / G>5+)) 
J 


J 
In the last equality, we have used the fact that 
falf +1) —2j —1= fa (7) +a. 
The sum on the last line is indeed E,,-1 and Eq. (8.2) is verified. 


8.2 D,(a) satisfies Eq. (8.2) 


The situation is rather different in the present case. The verification is not 
straightforward. Part of the complication comes from the floor function in 
Dy. 

If one opts for directly verifying that D,(qa) satisfies Eq. (8.2) in the 
spirit of what we did in the last section, one could follow Andrews (1970) 
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and consider two cases depending on the parity of n. In this way, the floor 
function involved could be removed. Rather than going into details of this 
approach, we consider an example to illustrate the idea behind it (this is 
from H.-C. Chan (2010c)). 


Example 8.1. Consider the case a = 0. Here we write D,(0) as D,. Say 
we want to verify 


Dio = Dg + gq’ Dg. (8.4) 
First we write down the difference Diy — Do (and we need Eqs. (3.3) and 
(3.4)): 
ore b= (es eee c= ear bool (ea = (es 
Dio — Dg = | q + | q+ H q 9|%- (8.5) 
Likewise, we use the definition of Dg to write down 
7 v4 7 7 
8H. _ 17 10 8 11 
foe=[s]e"-[e]e+[sle-[i] 8) 


(note: we added the first term, which is zero, for bookkeeping reason). But 
Eqs. (8.5) and (8.6) look rather different! Thankfully, Eqs. (3.3) and (3.4) 
will come to our rescue. 

Let us subtract Eq. (8.6) from Eq. (8.5). As both equations have four 
terms, we pair up the first terms from each of them, then we pair up the 
second terms, etc. Next we use Eqs. (3.3) and (3.4) for subtraction. For 
example, the difference of the third terms gives 


ale-[]e-[]¢ 


where we have used Eq. (3.4) to expand E . After all these are done, we 
have 


7 7 7 7 
_ 8D. — 9 9 Bos. 5 
Dio — Do — q Dg BE | q+ A q A q =9, 
with the desired cancelations clearly displayed. 
We remark that the general case can be proven by following the same 


line of thought (see Exercise 8.4 Question (2)). 


Below we will follow an approach that allows us to verify Eq. (8.2) 
without considering separately the case of n being even and the case of n 
being odd. Here we follow H.-C. Chan (2007); see also H.-C. Chan and 
Ebbing (2008). The following two lemmas are instrumental. 
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Lemma 8.1. Let ¢ := e'(?7/5) and 


eer ly. 2 
Galo) —_ Te _ Bore (8.7) 
Then the following is true: 
4 
1 
Drsil = am Cr4il @,a (8.8) 
j=0 
where 
= 6 es n+a 2 
Cn41(%, @) = S- (-1)7q% ia a. (8.9) 
2 


o=—CoO 


The key is Eq. (8.8). It says that Dn41 can be decomposed into a sum 
of five terms. The (complicated) form of C’s will emerge naturally in the 
proof of Lemma 8.1. 


Remark 8.1. Lemma 8.1 will be important in later chapters. 


Lemma 8.2. The following difference equation is true: 


Cnsi(z, a) = Cn(z,0) + 9"** 'C,_a(z, 0) + Ansi(2), (8.10) 
where 
Angi(2) = (—2) 484 (1 = 275) J) gialnt3a-2m)+m [" oe *| 
aos m 
(8.11) 


In order to reduce the complexity of our notation, A’s dependence on a is 
not explicitly indicated. Readers should not be alarmed by the complicated 
expression of A. The key component is the prefactor (1 — z~°). The sum 
is mainly a collection of “unwanted” terms. In the final analysis, the factor 
(1 — z~°) will make these “unwanted” terms go away. 

Let us prove that these two lemmas imply the desired result. Recall 
that ¢ is the fifth root of unity. Plug in z = ¢* (k = 0,1,---,4) in Eq. 
(8.10) in Lemma 8.2. Note that these values of z make the A term decouple 
from the rest because of the factor 1 — z~° (cf. Eq. (8.11)). Add together 
the five terms C;,41(¢*, a), with k = 0,--- ,4. Divide the sum by 5. This 
gives 


4 4 
1 k nta-1 1 k 
(Emin) = (Fawn) ov (eee) 
which, by Eq. (8.8), is Dasala ) = D,(a) + q?**-!D,_1(a), the desired 
result. 


To finish our task, we have to prove Lemmas 8.1 and 8.2, to which we 
now turn. 
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Proof of Lemma 8.1 


First we observe that —1 = (—1)° and so D,,41(a) can be written as (cf. 
the right-hand side of Eq. (8.1) for its definition) 


‘ i n+a 
Dy+1(a) = S- (—1) gia ) | | st8ere | | : (8.12) 
a=0 (mod 5) 2 


Next we want to remove the mod 5 restriction on the sum. Here is a trick 
used by Andrews (1969). Observe that 


4 ‘ 

1 1 ifo=0 d5 

ey Chad eee (8.13) 
5 j=0 0 otherwise. 

This allows us to write Eq. (8.12) as 


4 ee) 
Dy+1(a) = yy ( S- (—1)7 q%2(”) a= o*) 


j=0 \c=—0o 


which is the desired result. 


Proof of Lemma 8.2 
Let us define 

Cn(z, a) = (—z)7 82-YDO, (z, a). (8.14) 
Unpacking this definition gives 


Crlz,a) = So geese) " a ‘ 2m 


m 
m 


ten? 


<5 gets om) " ie ‘ gr". Gab) 


m 
a, 
=? 
The motivation for Eqs. (8.14) and (8.15) is as follows. Consider Eq. 
(8.9), the definition for C,, (note that, we need to shift n to n— 1). Split 
the sum into two, depending on the parity of (n — 1) + 3a—o (i.e., set 
(n —1)+3a-—0 = 2m or 2m+1). This gives the expression in Eq. (8.15), 
after we divide out the overall factor (—z)"78¢"1. 
The difference equation in Lemma 8.2 now reads 


nta—-1l_ An+1(z) 
wy CME Y ons: 


m 


1w~ 
C n4ilz, a) ae a) C'n(Z, a) + 


(8.16) 
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This is the version that we are going to prove. 
Motivated by Eq. (8.16), let us consider 


= ox 
C n41(2, a) a 5 Cnlz,@) 


=5 (of —92,) = (Wee =a) 4-4 ay 


This suggests that our next task is to simplify a(?t) — bp”) | and 6(@+)) _ 


af”), It turns out that: 
Lemma 8.3. 


ain +t) 7 Bes = 


(8.18) 


m—2 
Ne 
= m (1) 


pitt) — gin) = gnte-tp(n—1) 4 ie a“ *| in (n-+3a—2m—1)-+n--a—m 


(8.19) 


Proof. We will prove Eq. (8.18) and leave the proof of Eq. (8.19) as an 
exercise (see Exercise 8.4 Question (3)). By using Eq. (3.4), we obtain 


age), a guna ([r-te] nora) 
m m-—1 


Ja(n+3a—2m)+m li oe ‘ (8.20) 


— qd ni 
For the first equality, note that both a'”*” and p”) | have the same overall 
factor q9("+8e—2™) | which makes the subsequent enlealation possible. 
Next we apply Eq. (3.3) to rewrite the Gaussian polynomial in Eq. 
(8.20): 
q(t) = gi” 


= goanise= am) am grta-l=m nt+ta-—2 yf +a—2 
m—1 


= gr tatge—) ae ieee *| qieetsa- 2m) to 


which is the desired result. 
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We are ready for the punchline. By Eq. (8.17) and Lemma 8.3, we have 
ot Tes 
Carilz, a) + 5. CnlZ, a) 


= => (af? (n+1) — pf) ‘) yo2m S- (viet) _ ait?) _-2m=1 


= S- Came ue ai yom _ s- (ee a bm (1)) yo2m-1 
grt Lo. . 
==5 (z,a )+ 3 (Fm Pee OO) mains (8.21) 


= A(z) 


(the last three equalities capture almost the essence of our proof). The only 
task left is to prove 


oR An+1(2) 
A(z) = Cae (8.22) 
Indeed, if we call 
My Gee Te, 8.23 
d2(m) = Queen 2a torent: (8.24) 
then 
AQ = Oe "se 
= d(m) | 2+ a—2 do(m) | MH A- 2) -2m—1 
ora area eee onal ae 
@ A1(m) nta-—2 _ A2(m+2) nt+a—2 —2m—5 
a = 4 mn (|2 
(it) 1 Ar(m) | U+a—2 2m 


(iit) Anti(z) 
(=2)naee 


To obtain (i), we have shifted m to m+ 2 in the second sum. Equality 
(ii) is due to A1(m) = A2(m + 2). Equality (iii) follows from the definition 
in Eq. (8.11). This gives Eq. (8.22) and the proof of Lemma 8.2 (or, its 
equivalent form Eq. (8.16)) is now completed. 
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Remark 8.2. Theorem 8.1 is not the only finite form of the Rogers- 
Ramanujan identities. Here is another one due to D. Bressoud (1981): 
For a=0,1 


Pag |] _ = yj Ait 2a; | 2N + @ 
Sates [B= So ayant). e8) 


g>0 j=-00 


A nice feature is that there is no floor function to worry about in this 
finite form. R. Chapman (2002) gave a short proof of Eq. (8.25); see also 
Andrews and Eriksson (2004) and Prodinger (2000). For more about finite 
forms of the Rogers-Ramanujan identities (and their generalizations), see 
A. Sills (2003). We will see another finite form in Eq. (9.22) in the next 
chapter. 


FYI 8.1 (A remarkable generalization). Let a = +1. For a fixed in- 
teger m > 0, we define 


GC @e= LP ern Se aI | ay | 
yparais 2 
(8.26) 
Garrett, Ismail and Stanton (1999) proved a remarkable generalization of 
the Rogers-Ramanujan identities: 
a ania m(@) gm (Q) 


9m (Dm (GD) 
n=0 On (GP ol(Fi@oo (475 G®)00(G3s Boo” (8.27) 


See also Ismail (2005) and Prodinger (2000). 


8.3 Engel expansions of q-series 


Given the definition of D,(a), we now know it satisfies the difference equa- 
tion Eq. (8.2). It turns out, there is a method through which we can find 
the sum side of the Rogers-Ramanujan identities without knowing E,,(a). 
This can be done by the Engel expansions of g-series. Our goal is to sketch 
the idea behind this method and see how it is applied to the first Rogers- 
Ramanujan identity. 
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Engel expansions were studied by several mathematicians such as Engel, 
Perron, Sierpinski, etc. Their study goes back to Lambbert in the 1770s. 
Given a number 2; € [0,1), its Engel expansion is of the form 


n= (+t (+S(1+--))), (8.28) 


where {a;} are positive integers such that a;,; > a; for i> 1. 
One can think of {a;} as the digits of x; in this representation. The 
following algorithm can compute the digits recursively: for k > 1, 


1 
= = 2 
Oe 1h (8.29) 
Lk+1 = ApeE — 1. (8.30) 


Here, [*] is the ceiling function (the smallest integer not less than the 
argument). The idea behind this algorithm is as follows. Starting with «1, 
we want to approximate it by the reciprocal of the first digit: 

6 (en 

a 
Equation (8.29) defines a way to fix a,. Once we know a,, we want to 
remove it from x; and repeat the same procedure to find ag, the next digit. 
This can be done by defining a new number 22: 
1 
=—(1 
Ly 7 ( + x2) 5 

or, equivalently, 


L2 = AayX, — 1, 
which is Eq. (8.30) with k = 1. This allows us to apply the same procedure 


again (this time to x2). 


Example 8.2. The Engel expansion of e — 2 is given by 


enna s (ree (t4z (iss (itg(t+--))))). 


One may wonder, why is the Engel expansion related to the Rogers- 
Ramanujan identities at all? The hint is to rewrite Eq. (8.28) as follows: 
1 1 1 1 


my=—t+ + 5 
ay a a2 a 1a2a3 


aya ee ee 
n>1 142 n 


This representation reminds one the sum sides of the Rogers-Ramanujan 
identities. Hence the question is: can we apply the Engel expansion to the 
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product side of the Rogers-Ramanujan identities and recover the sum side 
of them? Thankfully, the answer is affirmative. 

Arnold and John Knopfmacher (1988, 1989) discovered a way to do 
the Engel expansion for q-series. Later Arnold Knopfmacher, jointly with 
Andrews and Paule, discovered how to apply it to the Rogers-Ramanujan 
identities. Let us describe their algorithm. For details, see Andrews, A. 
Knopfmacher and Paule (2000). See also Prodinger (2000). 

Let A be a q-series defined by 


A= > Gia" (8.31) 
n>v 
Note that v could be negative. Define the integral part of A to be: 
The integral part of A = [A] := ys Chq”. (8.32) 
O>n>v 


Example 8.3. The integral part of A= 1/q*+2/q+1+@q@4+q is 
ey 2, 
Al=—5+=41. 
[A] aoa 
Remark 8.3. Note that this notation of the “integral part” of q-series is 
similar to the integral part of a number in decimal expansion. Let g = 1/10. 
If x := 234.56, then 


ge = 2q77 + 3q7! + 4q° + 5q + 6". 
Now the integer part of x is, of course, 
234 = 2g°? + 3g7! + 4q°. 


Here is the Extended Engel Expansion Theorem (applied to q-series) 
discovered by the Knopfmachers (1988, 1989): 


Theorem 8.2. The q-series A defined by Eq. (8.31) can be written as 


1 
A= ao + >~ ipa (8.33) 
n>1 


1 


with {a;} being polynomials in q—*, satisfying deg(a;41) > deg(a;). 


For its proof and issues related to convergence, uniqueness, etc., we refer 
readers to the original papers cited above. 

Here is the algorithm that computes {a;} recursively. Given A defined 
by Eq. (8.31), we set Ao := A, do := [A], Ai := Ao — ao, and, for k > 1, 


1 
ak t= =| 5 (8.34) 
Ak+1 = arprAr —1. (8.35) 
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Let us apply this algorithm to prove the first Rogers-Ramanujan identity 
(the other one is Exercise 8.4 Question (4)). 

We start with 

1 
Ao := A= —.—___ , (8.36) 
(9; F)oo(G*5 9) oo 

which is the right-hand side of the first Rogers-Ramanujan identity. This 
implies 


ao = [A] =[1+0(@)] =1. (8.37) 


Before we compute the rest of the digits, we note that the expected form 
for ay is we shall expect 


1 Get 
as this implies 
1 me 
ee (8.39) 


a ,a2°*'Gn (1 —q)(1— q?)---d-— qq) 
By Theorem 8.2, this gives the first Rogers-Ramanujan identity: 


2 
nr 


a a 
(GP)o(WMP)o SoU -g)—-4@?)----9") | 
a 2 

A in Eq. (8.36) 


By Theorem 8.2 and Eq. (8.39) 
Let us compute the first digit a;. To this end, we need A;. Note that 
Ay = Ao — ao = A-1. (8.40) 


While this is correct, this expression is not workable (at least for the subse- 
quent calculation when we have to compute [1/A;]). To find a more useful 
representation, we need D,,(a) (finally!) and the difference equation Eq. 
(8.2), as we mentioned at the beginning of this section. Since we are deal- 
ing with the first Rogers-Ramanujan identity only, below we will write Dp, 
instead of D,,(0). Recall that 


We define 
Do := 0, (8.43) 
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as demanded by Eq. (8.41) and (8.42). Note that Eq. (8.41) is Eq. (8.2) 
with a = 0. Note also that Eq. (8.41) and (8.42) imply D,, is a polynomial 
in q. 
Recall that 
1 


(GG?) eG" ss 


(8.44) 


This is how we can find a more workable representation of A;. Since 
A, = A-—1 (cf. Eq. (8.40)), we will first look for a “finite” approximation 
of Ai, in the form of Dy — 1 (and this is one of the reasons why Dp, is 
needed). 

Indeed, by summing Eq. (8.41) from n = 2 ton = N — 1, we have 


N-2 ; 
Dy-1= 50 q¢Dy. 


i=1 


Taking the limit N — oo, we have our desired expression: 
Ay = Dw —1= > 0 q'Di. (8.45) 
With this understood, we can find the first digit a;. Indeed 
7 
A 


q@' Dy + @D2 + @D3 ++" 7, + @D3+- -| 


ay 


Ceraeer ao 
(1-4+0)) | 


(it) 


-140(4 oo 


: hy 
1 =i 
--l1=—. 8.46 
F (8.46) 

To obtain (i), we have used the fact that D,; = Dz = 1 (cf. Eq. (8.42)). 

O(q’) terms can be ignored: ultimately, they contribute O(q) (see (ii)) and 

become zero under [*]. The final form of a1 = (1 — q)/q suggests that we 

are on the right track (cf. Eq. (8.38)). 


8.3. Engel expansions of q-series 65 


If one goes on to compute the first few a; and A;, one will soon find 


that there is a pattern. The conjectured formulas are, for n > 1, 
1 1 1—q" 


an = qar-l gn= qan-T’ (8.47) 
Ag = Sl gh t@ Dp, (8.48) 
i=l 


(note that a, has the expected form; cf. Eq. (8.38)). We will briefly discuss 
their proofs. Given A, (as in Eq. (8.48)), it is not hard to show that a, 
is given by Eq. (8.47): one simply needs to generalize the steps leading to 
Eq. (8.46). Indeed 


1 1 
an = = ~~ | g2"-1D, ma gr Ds + q’"-!Ds Heats 


= 
S 
~S 


l 


1 
| gern CIS gt OlGes),) | 
=| (1-0 +0") | 
ke 1 
~ pT PT 
To obtain (i), we only need to know explicitly the coefficients of the first 
two terms; other terms do not contribute at the end. 
The formula for A, can be proven by induction. The key inductive step 
is as follows: 
An+1 = anAn —1 
_ (geet Pn i ) S- grr Ol p, 54 


i> 


i>1 i>1 


=]D,+ S- gq Dist - S- q™ D; —1 


i>1 i>1 
(by splitting the first sum) 
= S- q™ (Dizi — Di) 
i>1 
= S- q'*''Di-1 (by Eq. (8.41), the difference equation) 
i>1 


=SogtY""D; (note that Do = 0, ef. Eq. (8.43). 


i> 
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These establish the desired formulas for an and A,,. In particular, ay, has the 
expected form and this concludes our proof of the first Rogers-Ramanujan 
identity via the Engel expansions of q-series. 


8.4 Exercises 


(1) Show that, for 7 = 1,2, E;(a) = Di(a) = 1. A slightly more challenging 
one would be proving £3(a) = D3(a) = 1+ q°*!. Hints for the last 
question can be found in H.-C. Chan (2007). 

(2) Our goal is to verify directly that Dn+1(a), defined by the right-hand 
side of Eq. (8.1), satisfies Eq. (8.2). We will break up this task into 
cases (depending on the value of a and the parity of n). The overall 
idea is the same as that in Example 3.1. First we work out the case of 
a = 0 and n being even (the other cases are similar). Hence we want 
to show 


Dom+1(0) = Dam(0) + ¢?"~1 Dom—1(0). (8.49) 
(a) Show that 


k 2m —1 ith 2m—1 
Pam(0) = Do ai' ee pe o ee 
(8.50) 
where fi(k) is (57 + 1)/2 evaluated at 7 = 2k and j = 2k+1 
respectively. Precisely, 


fx (k) = 10k? +k, (8.51) 
f—(k) = 10k? + 11k +3. (8.52) 
(b) The difference Dgm+41(0) — D2m(0) can be written as 
Dam+1(0) — Dom (0) 


23 fi(k) 2m be 2m—1 
q m—5k m—5k-1 
: m—d5k-—3 m—5k—3 
= SiO ree 2m—1 
; m—5k 


fs 2m— 1 
— So gi + +5k4+3 Ba 4 (8.53) 
k 
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Note that we have evaluated the difference of the first pair of Gaus- 
sian polynomials by using Eq. (3.4), and the difference of the second 
pair by Eq. (3.3). Next, show that the sums on the last line of Eq. 
(8.53) can be written as 


ie Se git (h)+m—5k 
k 


(8.54) 


Sigh makes 2m—1 
: m—5k—-4 


2m — 2 
— g2m-1 f—-(k) 
¢ (se a) 


2m — 2 
ee S- gf (H)+m+5(k+1)—2 | | ‘ (8.55) 
k 


=T 
Hint: use Eq. (3.3) to obtain Eq. (8.54) and use Eq. (3.4) to obtain 
Eq. (8.55). Note that the sums with overall factor q?~1 are the 
parts in Dom_1(0). 
(c) We are ready for the punchline. The previous step implies 
Dom-+1(0) — Dam(0) — ¢°"~*Dam—1(0) = 14 + 1. 
Show that 
Ty + I_ = 0, 
which establishes Eq. (8.49). Hint: the following will be useful 
f+ (k) = f-(k —1) + 10k — 2. 
(d) Use the same method to prove the remaining cases (a = 0, n = 
2m+1;a=1, n= 2m and 2m+1). 
(3) Prove Eq. (8.19). Hint: first use Eq. (3.3), then use Eq. (3.4). 
(4) Use the algorithm defined by Eq. (8.34) and (8.35) to prove the second 
Rogers-Ramanujan identity. 
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Chapter 9 


Rogers-Ramanujan Identities: 
Third proof (via Bailey’s Lemma) 


Recall the following form of Jacobi’s triple product identity (cf. Eq. (3.16)): 


CO 


(2)s5 (27 aoe — ae S- (ely ght ea". (9.1) 


k=—oo 


Let us compare this with the first Rogers-Ramanujan identity: 


CO 


(q; ae 7 a _ pS a cae (9:2) 


k=—0o 


Consider the exponent of g on the sum side of both equations; in particular, 
the coefficients of k? (the first one has 1/2 and the second 5/2). 

One may wonder: Can we increase the coefficient of k? (in the exponent 
of q) in Eq. (9.1) from 1/2 to 5/2 (as in Eq. (9.2)), in such a way that this 
process will lead to a proof of the Rogers-Ramanujan identities? 

Remarkably, such a machinery is available: it is Batley’s lemma, named 
after W. N. Bailey. See FYI 9.1 for more information. In this chapter we 
will look at the simplest case of Bailey’s lemma, which, roughly, goes as 
follows. 

Below we will define infinite dimensional matrices L, M and D such 
that 


L=MDM" (9.3) 
(cf. Lemma 9.1 and Eq. (9.11)). Let 6 and a be column vectors such that 
b= Ma. (9.4) 

With such a pair (a,b), we apply L to b and obtain Bailey’s lemma: 
Lb = MDa. (9.5) 
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To obtain a proof of the Rogers-Ramanujan identities, we apply L to 
Eq. (9.5) and use Eq. (9.3) again. This gives 
1b = MD"a. 
Selecting the n-th component of the last equation gives 
(L7b), =(MD?a)_. 
It turns out, with suitably chosen (a,b), the last equation is a finite form 
of the Rogers-Ramanujan identities. Setting n to infinity gives the desired 
result. 

In Section 9.1 we will state (without proof) Lemma 9.1 and discuss in 
detail how it leads to a proof of the Rogers-Ramanujan identities (the me- 
chanics of Bailey’s lemma). In Section 9.2 we will give two proofs of Lemma 
9.1, with FYI 9.2 discussing a gqWZ proof of the lemma. In Section 9.3 fol- 
lowing Bressoud, we will give an alternative way of applying Lemma 9.1 
that leads to an elegant proof of the Rogers-Ramanujan identities. In Sec- 
tion 9.4 we will sketch the idea behind J. Stembridge’s elementary proof of 
the Rogers-Ramanujan identities and show how Lemma 9.1 is utilized in 
his proof. 


9.1 Bailey’s lemma and a proof of the Rogers-Ramanujan 
identities 


Definition 9.1. Let L = L(x), M = M(x), and D = D(z) be three infinite 
dimensional matrices. Their matrix elements are defined as follows. For 
k,l > 0, 


alg? 
De = j 9.6 
ee (Q)k—1 ( ) 
1 
My = -——————__,, 9.7 
= (Q)e—1(@q)k41 en) 
Dy = Onl aq’. (9.8) 


It is essential to recall the notation in Eq. (1.6): ifn <0, then (a); ' =0. 


Remark 9.1. When their dependence on z is not the issue, we will simply 
write L,M and D. 


Lemma 9.1. With the above notation, the following identity is true: 


LM = MD. (9.9) 
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The (n,m) entry of Eq. (9.9) is the same as 
righ 1 ah 
“2h (Dn-3 (QD j—m (89) j4m — (Q)n—m (€9)n+m 


Remark 9.2. 


(1) On the sum on the left-hand side of Eq. (9.10), we can replace the 
upper limit of 7 by oo. After all, terms with 7 > n do not contribute 
because (as; =0. 

(2) Whenever the matrix M is invertible, we can write Eq. (9.9) as 

L=MDM-}. (9.11) 
This is very telling: the matrix M diagonalizes L; the diagonal elements 


in D are the eigenvalues of L and the columns of MW are the eigenvectors 
of L. 


We will prove Lemma 9.1 in the next section. For now let us define the 
following: 


Definition 9.2 (Bailey’s pair). The column vectors a and b (with in- 
finitely many components) are called a Bailey pair if 


b= Ma. (9.12) 
We are ready to state and prove the simplest case of Bailey’s lemma: 


Theorem 9.1 (Bailey’s lemma). Given a Bailey pair (a,b), the follow- 
ing 1s true: 


Lb = MDa. (9.13) 
That is, (Da, Lb) is also a Bailey’s pair. 
Proof. By Definition 9.2 and Lemma 9.1, we have 


Ib=LMa_  (asb= Ma) 
=MDa _ (by Lemma 9.1). 


To prove the Rogers-Ramanujan identities, we need the following: 
Theorem 9.2. Given a Bailey pair (a,b), the following is true: 
L?b = MD?a. (9.14) 
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Proof. Applying L to Bailey’s lemma gives 


L(Lb) = L(MDa) 
=MD?a_ (by Lemma 9.1). 


Let us apply Theorem 9.2 and prove the first Rogers-Ramanujan identity 
(the proof of the second Rogers-Ramanujan identity is Exercise 9.5 Question 
(1). 

To this end, we need to choose a Bailey pair (a,b). Our “source” is 
the finite form of Jacobi’s triple product identity, Eq. (3.15), which can be 
written as: 


(2)n(z~*@)n es Cae (9.15) 


n = qd > 
(q)2n (q)n—k(Q)n+k 


Let us set z = 1 and “fold” the sum in Eq. (9.15) from 


k=—-n 


n n 


So) to So). 


k=-n k=0 


This turns Eq. (9.15) into 


= M(1)a"*, (9.16) 
where 
BF := (1)n(q@)n/(q)an = 6n,0, (9.17) 
: 1 ifk=0 (9.18) 
ay i= ; 
k (—1)¥ gk? /2(gk/2 4 q */?) ifk > 0. 
Remark 9.3. 


(1) The Kronecker delta 6,9 in Eq. (9.17) is due to (1)p. 

(2) In Eq. (9.16) we need to specify the value of x = 1 and hence we write 
M(1). The choice of « = 1 comes from the factor (q)n4, on the right- 
hand side of Eq. (9.15). Compared with the definition of M(x), this 
factor should be identified with (xq)n+, and hence x = 1. 

(3) Note that a* has a factor of g**/2. Soon this will be increased to q?*’/2. 


This (a*, b*) is our desired Bailey pair, to which we will apply Theorem 9.2 
(with z = 1). Precisely, we compute the n-th component of the left-hand 
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side of Eq. (9.14): 


> Eng (1 1) by 


be (9.19) 


kl 
= S- Mnx(1) Okl a a; 
kl 
2 
n a ay 


SNe we —, (9.20) 


The key is the factor of g2*” in Eq. (9.20), coming from D?(1). By com- 
bining g2*” with q*’/2 (which comes from a%), we now have q®*"/?. 


Putting together Eqs. (9.17)—(9.20) implies 


n k? n (—1)FgkGF-D/2 


a. => 


a6 d)n—k(Q)k oes (9.21) 


(Q)n—K(Q)ntk 
By setting n — oo, we have the first Rogers-Ramanujan identity: 


CO k2 Co 


1 a 
a S- (—1)F gh (OF 1)/2 
k=—0o 
Remark 9.4. Equations (9.21) and (9.57) (from Exercise 9.5 Question (1)) 
imply (for a = 0,1): 

jr +aj | = (Qn = j satel 2n 
q .| = -l)’q ? |. 9.22 
yy | (q)2 aie. n+ jy or 


720 i ” j=—00 


This gives another finite form of the Rogers-Ramanujan identities. 
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a 
FYI 9.1 (The full force of Bailey’s lemma). Here is the full version 
of Bailey’s lemma: 


Theorem 9.3 (Bailey’s lemma). Suppose (a,b) is a Bailey pair. Then 
(a’,b’) is another Bailey pair with their components given by 


a, eeeenetl xq om 
pipe 


(7q/p1)n(xq/p2)n 
and 


b= 


n 


“~ (p1)e(p2)k(4/ P1P2)n—k ( xq ys 
EN fe Be 
tap (@ 4/1) n(@9/P2)n(Q)n—K \ pipe 

Note that when p;,p2 — oo, Theorem 9.3 reduces to the special case of 
Theorem 9.1. 

The idea of what we now call “Bailey’s lemma” was described in Bailey 
(1949). He mentioned how it should work but did not write it explicitly. 
It was Andrews (1979, 1986) who subsequently stated and proved it and 
unveiled the power of this important lemma. See also Paule (1987a). See 
also the following excellent reviews: Paule (1987b), Prodinger (2000) and 
Warnaar (2001). 


9.2 Proving Lemma 9.1 


We will give two proofs of Lemma 9.1 in this section. In FYI 9.2 we will 
briefly discuss a gWZ proof of the lemma. 


9.2.1 Method 1 


This is from Paule’s wonderful exposition (1987b). See also Prodinger’s 
lecture (2000). This makes use of the operator € introduced earlier in 
Example 3.2. Recall that ¢ is an operator defined by 


e fe) = f(xa). (9.23) 
Then the operators 
Ara _t. B=, 
satisfy BA = qAB. This allows us to use Eq. (3.19) to expand (e~' +2)”. 
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The following result will be very useful: 
Lemma 9.2. 
(e424) (zq)oo = (Z@) oo: (9.24) 
That is, (7q)oo is a fixed point of the operator e~! +x. 
Proof. 


E~"(2q)o0 = (£)o0 
= (1— 2)(#4) 00 


Moving x(xq)oo to the left implies the lemma. 


Proof of Lemma 9.1 
We note that Eq. (9.10) can be written as 


agkgk(h+2m) fn m 1 
tae 


k>0 (tq)k+2m Jit 


To prove this, we start with the right-hand side: 


1 Le ss 
(tq) n+m (89) 36 
1 ntm 
= Ga 8 
(i) 1 n+m (.- n-—mMm 
Ppaee (e7* + 2)"—™ (2g)o0 
Gi) = 1 alee lj = " k—n+m,,k 
a € € x" | (2G) oo 
(29) 20 y R 
(iii) 1 SS Bl = ‘ k k(k+2m)/(,, k+2m+1 
at xq (xq ee 
Be k>0 e 
-ya— k(k+2m) i == i 
k>0 (xq) k+2m k 


To obtain (i), which is the trickiest part of this derivation, we have applied 
Lemma 9.2 n — m times. This is motivated by the upper argument n — m 
in the Gaussian polynomial on the left-hand side of Eq. (9.25). To obtain 
equality (ii), we have used Eq. (3.19). To obtain equality (iii), we have 
pushed all e’s to the the right. This completes our first proof of Lemma 9.1. 
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9.2.2 Method 2 


This follows Bressoud (1983). Our goal is to prove the equivalent form Eq. 
(9.25). To this end, we first prove the case m = 0 through a functional 
equation. Precisely, we can prove that both sides of 


S- ahgt H as (9.26) 


t50 (2Dk 


satisfy the functional equation 
tq 
Gn(%) = Gn—1() + -——Gn-1 (2). (9.27) 
— xq 
The proof is similar to what we have seen in Chapters 2 and 7 and we leave 
the details as an exercise (Exercise 9.5 Question (2)). 
Given the case m = 0, we can prove the rest (m > 0) as follows. In 
Eq. (9.26), change x to xq?”. This gives 
k yk(k+2m) 1 
De ean E = (xq2™t1), " (9.28) 
k>0 qd k qd n 
Dividing both sides of Eq. (9.28) by (xq)am gives 
k yk(k+2m) 1 
ee ee (0.2) 
k] (aq) 


k>0 (xq) k+2m n+2m 


Finally Eq. (9.25) is obtained by shifting n to n — m in Eq. (9.29). 


FYI 9.2 (A qWZ proof of Eq. (9.26)). H. Wilf and D. Zeilberger 
(1992) discovered a powerful technique in evaluating sums (in closed form). 
Here we will sketch the idea behind the simplest form of their technique 
and use it to prove Eq. (9.26). 

Suppose we want to prove 


dof (n, 5) = S(n). (9.30) 
jEZ 
For simplicity let us assume that only finitely many f(n,j) are non-zero. 
We define F'(n, 7) := f(n,7)/S(n) and Eq. (9.30) becomes 
yong) =a (9.31) 
jeZ 


Wilf and Zeilberger discovered the following result: 
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Theorem 9.4. Suppose there exists a function G(n, Jj) such that 


F(n,j) — F(n—1,7) = G(n, 7) — G(n,j - 1) (9.32) 
and 
oo G(n,7) = 0. (9.33) 


Then the sum i) ,e7, F'(n,j) is independent of n. 
Proof. Summing Eq. (9.32) over j gives 
S° F(n, 9) — 5) F(n- 1,7) = G(n, 00) — G(n, -00) = 


jeZ jeZ 


This gives the desired result. 


Since the sum 5° gl (n,j) is independent of n, we can evaluate this sum 
at a convenient n (say, n = 0) and show that it gives 1. This proves Eq. 
(9.31). 

But how do we find G(n,j) in general? It turns out such a function 
always exist, as proven by the remarkable Zeilberger’s algorithm (or, “cre- 
ative telescoping”; see Zeilberger (1991)). Thanks to many researchers, 
several excellent software packages are available to implement Zeilberger’s 
algorithm. 

In general we can find a rational function R(n, 7) such that 


G(n, j) = F(n, 7) R(n, J), (9.34) 
where R(n, 7) is called the WZ certificate, and (F',G) is called a WZ pair. 
Let us apply this technique to prove Eq. (9.26). 

We define 
ae) 
J gi 
an (Q)n(q)n (9.35) 
(Qn—j (a) (9); 
and we want to show that >), F'(n,j) = 1. 
By qZeil.m, a Mathematica program written by A. Riese and available 


F(n,j) = 


at 
http://www.risc. jku.at/research/combinat/software/qZeil/index 


we can find that the certificate is 
nt+j (1 = q”~4) 
(lq) (Iesag")? 
which, by Eq. (9.34) and (9.35), implies 
G(n, 7) = —aq"" F(n — 1, 9). (9.36) 


- php, 
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One can double check that this G(n, 7) actually satisfies Eq. (9.32) (this is 
Exercise 9.5 Question (3)). 

We are just one step from proving Eq. (9.26). By Theorem 9.4, we 
know that 


>" Fin. 3) = 8", 
jEZ 


where F(n,j) is given by Eq. (9.35) and s* is a constant independent of 
n. To evaluate this constant, we simply evaluate this sum at n = 0. This 
gives s* = 1 and we are done. 


9.3. Bressoud’s use of Lemma 9.1 


In this section we follow a beautiful method by Bressoud (1983), who uses a 
variation of Lemma 9.1 and gives an elegant proof of the Rogers-Ramanujan 
identities. Of course, the overall idea is still Bailey’s lemma and it is similar 
to what we discussed above. But there are, as we will see, several additional 
remarkable features of this approach. 

It can be shown that Lemma 9.1 implies the following identity due to 
Bressoud: 


Br - _ 
py (q) Q)ntm =a: 


meZ n—m( ra meZ 


(a—1)m? 


2 q 
—¥ ( 


——_——_—_——_. 9.37 
Degen oe 
Here a is a free parameter. 

To prove this identity, we set x = 1 in Lemma 9.1 and multiply both 
sides by g(@-)™ This gives 


(a—1)m? am? 


qq _ q 
Dea ae Gn a 


7 as (q)j;—m (Q)j+m (One Cheese 


Note that the sum over j can be extended to cover all j EZ: ify >n, 
(a= = 0; terms with 7 < m do not contribute as (az m = 0. Also we 
note that both sides of this equation are invariant under m — —m, and, 
therefore, they are defined for negative m. Multiplying both sides by 2” 


and summing over m € Z gives the desired identity Eq. (9.37). 
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With this understood, we can prove a deformed version of the Rogers- 
Ramanujan identities: 


I (1+ 2g°"- ay (lta tg 5bn— Nag ) 
n=1 


LS aq” (5m+1)/2 
meZ 


ey aly eee 


A1EZ raat @) a= i Ai+I 


(#4) 3 gi S- ge s- aq 


MER <DgE7. @ar irez, ()A2—m(4) ro+m 


1 
(Qo 
1 
@iss 


ag) gi (3541)/2 


m(m-+1)/2 


AP+A3 
— ge (Err [2] 
dp ADEZ (q)ar—do (@ q)2Xo r2 —m 

(iv) gts 


2 a Pe Hebe cf 


Equality (i) is due to Jacobi’s triple product identity. To obtain equality 
(ii), we have applied Eq. (9.37) with a = 5/2, z > aq'/?, and n — oo. 
To obtain equality (iii), we have applied Eq. (9.37) with a = 3/2 and 
‘1/2. To obtain equality (iv), we have used Eq. (3.15), a finite form 
of Jacobi’s triple product identity. 

Equation (9.38) is truly remarkable! If we plug in x = —1, (—1/z)), 
becomes zero except when Aj = 0. This implies 


zZ— xq 


1 5n—2 5n—3 5n qr 
[[a-@%a-@"*)a-¢) = 3° 


n=1 A1>0 ( 


(Doo 


The sum over A, automatically reduces to A; > 0 because negative 4; makes 
(a)x, = 0. This gives the first Rogers-Ramanujan identity. To obtain the 
second, one sets = —q. See Exercise 9.5 Question (4). 

Last but not least: Bressoud and Zeilberger (1989), based on this deriva- 
tion, gave a remarkable bijective proof of the the Rogers-Ramanujan iden- 
tities! This paper, which is over 30 pages, gives details behind their 3-page 
bijective algorithm in Bressoud and Zeilberger (1982). 
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9.4 Stembridge’s use of Lemma 9.1 


J. R. Stembridge (1990) gave two proofs of the Rogers-Ramanujan iden- 
tities. The first one is beautiful and surprising: it is based on a certain 
identity that is satisfied by the Hall-Littlewood function (which is a defor- 
mation of the Schur function). The second one is elementary in nature, 
mirroring the idea of the first one. In this section we will sketch the idea 
of the second proof, as it is related to Lemma 9.1. 

Let us start with 


Sak gh B Po (9.39) 
ra bk] @e Or 
This is simply Lemma 9.1 with m = 0 (cf. Eq. (9.26)) and 2 — x/q. Next 
we want to keep iterating Eq. (9.39). At this point it is useful to recall 
that (cf. Definition 1.1) a partition of r is a sequence of positive integers 
A = (Ai, A2,°*+) such that A; > A;41 and r = |A| := 0, A;. The length of 
the partition, /(A), is defined by the number of non-zero terms in X. Let us 
define n(A) by 

MAG — 1 
With this understood, we note that 


iT { n r 1 
x 1tA2 gA1A1—1)+A2(A2—1) | | | 
(2) ey At a (7) 


I 


=... (iterating Eq. (9.39) | times) --- 


I 


[Alana [| ® 3 - ea | 
oo a I. AM | (2a Se 
Note that partitions are involved in Eq. (9.40). They come from the prod- 
uct of Gaussian polynomials in the last line: to make non-zero contribution, 
A; must be greater than zero and satisfy \; > Ag > --- (of course, with 
Ai <n). This makes it natural to think of \ = (Ai, A2,---) as a partition 
of a certain integer (not necessarily 7). 

By setting 1 > oo in Eq. (9.40), we obtain an identity by proven by 
Stembridge (cf. Eq. (2.2) in Stembridge (1990)): 


So all gen iW am a (9.41) 
x n 
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where we have written, for X = (Az, A2,--- , Ax), 


n| jn Ai | | Ag Ak—1 
BILLED Re] ee 
Note that Stembridge gave a combinatorial proof for Eq. (9.41) (cf. pp. 


478-479 in Stembridge (1990)). 
Following Stembridge, we define 


= Shak SD geno) I (9.43) 


k>0 W(A)<k 
aA) | 2? 
I ; (9.44) 


Eq. (9.43) is the definition of ~. To obtain Eq. (9.44), we note that the 
inner sum in Eq. (9.43) is over all A with (A) < k, not just I(A) = k. 

Our next goal is to expand Eq. (9.44). To this end, we observe that 
non-zero A; must be such that A; < n, otherwise the Gaussian polynomial 
on the right-hand side of Eq. (9.44) (in the sense of Eq. (9.42)) will be 
zero. Let 11,---,% denote the set of distinct parts other than n occuring 
in A, such that n > 4, >--- > 4% > 0. For example, if n = 10 and 
A = (6,6,4,1,1,1), then 4 = 6, ve = 4, v3 = 1. Since n may occur in A, 
we define vp := n. Note that this implies 


AE) 0 


Let m,; be the multiplicity of vy; in A. By definition, for r > 1, m, = 


1,2,3,--- (ie, m, > 1, as v, is a non-zero term in A). For r = 0, mp = 

0,1,2,---; this is because mp = 0 if n does not occur in ». The above 
implies: 

|A| = von +m --- +m, (9.46) 

(A) = mo + my +--+ m1, (9.47) 

2n(A) = vo(vo —1)mo +--+ + u(M — 1)m1. (9.48) 


With this understood, we can rewrite Eq. (9.44) as a sum over (m) = 
(mo,m1,+--) and v: 


Y(u) = > | II (2anePa)™ 


Il grigiliDy 1 
J es giquilMily = gngn(n—1y" 


| 

an 

| fe 
Se 
M 
{-———— 1 
y 3 
uN 
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To obtain the first line, we have used Eqs. (9.45) — (9.48). To obtain the 
second line, we have summed over m;. Note that the last factor in the 
second equality is due to the fact that mo starts at 0 and that vp = n; see 
comments before and after Eq. (9.45). 

Here comes a brilliant twist in the proof. Eq. (9.49) shows that 
is a rational function of u with simple poles at u = 27’q77"—-) (with 
0<r<n). Since y(u) vanishes at infinity, one can write it as a partial 
fraction expansion: 

GA 
o(u) = d errr, (9.50) 
where the coefficient c, is the limit of 
(u)(1 — u27gr?-0) (9.51) 


asus gz hg tr), 


Readers may wonder, where is Eq. (9.41), the application of Lemma 9.1? 
It comes into the picture when we evaluate c,. For example, let us prove 
that cp = 1/(z)n. Indeed 


co = lim $(u)(1 — u) 
Sim So zg) i (by Eq. (9.44)) 


url 


1 
= — (by Eq. (9.41)). 
(Z)n 
The rest of the coefficients c1, c2,+-+ , Cy can be evaluated similarly and 
we quote Stembridge’s result and refer readers to his paper for details: for 
r=1,2,---,n 


n 
r aaa a ETRE The 
By putting these into Eq. (9. A we obtain, after simplification, 
i t= gqet 1 
= Let girr-D/2 ree = ee 09 
W(u) So- "2 zq r (2g) nai 1 uzrgre—D ( ) 


r=0 

Where are the Rogers-Ramanujan identities? From the two expressions of 

w(u), ie, Eq. (9.43) and v 52), we equate the coefficients of u and obtain 
n(n— ae 2r—1 


one qd = i yr gq?" (r—1)/2 i! ae = aie ‘ (9.53) 


(q)r(zq 
The first ad the second Hopes ace an identities are obtained by plug- 
ging in z = q and z = q’ respectively (Exercise 9.5 Question (5)). 
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a a a 
FYI 9.3 (Hall-Littlewood functions and Gaussian polynomials). 
As mentioned above, J. Stembridge found a proof of the Rogers-Ramanujan 
identities involving the Hall-Littlewood functions. Let us mention the fol- 
lowing. 


What are the Hall-Littlewood functions? 

One definition is as follows. For each partition >» = (A1,°-: ,An) 
of length at most n, the Hall-Littlewood function, P\(x;q), where x = 
(%1,+++ ,2n), is defined by 


Py(23.q) = w |ast...gdn eee ) 
oe wee 
where S,,/A is a set of left coset representatives for the subgroup of the 
symmetric group S,, consisting the permutations of (a1,---,@,) that fix 
a}! -+.a», See Macdonald (1995, III). 


How are the Hall-Littlewood functions related to Gaussian polynomials? 

Let \’ denote the conjugate of the partition ); i.e., ’ is the partition 
whose i-th term Xj is defined to be the number of terms > 7 in X (or, one 
draws the Young tableau of A, then, exchanges its rows and columns; the 
result is the Young tableau of \’). Then 


n— n n 
PAU. GG Bq |]. 


See Macdonald (1995, Example ITI.2.1). 


There are a handful of different proofs of the Rogers-Ramanujan identi- 
ties. Their difficulties range from “not easy” to “very difficult.” For proofs 
before 1989, see Andrews (1989). 

There are even more generalizations of the Rogers-Ramanujan identities. 
One may start with the 130 identities discovered by L. Slater (1952). This 
is part of Slater’s Ph.D. thesis and her advisor was Bailey. 


9.5 Exercises 


(1) The goal of this question is to prove the second Rogers-Ramanujan 
identity by using Theorem 9.2. 
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(a) Step 1. Find a Bailey pair (a*,b*). Use Eq. (9.15) with z = 1/q. 


Show that 
bY = M(l)a*, (9.54) 
where: 
1 ifn =0 
b,:=4-l/q ifn=1 (9.55) 
0 ifn >1, 
1 ifk=0 
eS 9.56 
k eg oie: ne q73k/?) PES. ( ) 
(b) Step 2. Use Step 1 and Theorem 9.2 (with « = 1) to prove the 
following identity: 
n k?+k MR (—1)kgk(8k-3)/2 
S- — S- re ela (9.57) 
= (Q)n-K(De  j (Mn-K(Q)n+k 


By setting n — oo in Eq. (9.57), we obtain the second Rogers- 
Ramanujan identity. 


(2) Prove that both sides of Eq. (9.26) satisfy functional equation Eq. 
(9.27). 

(3) Verify that F(n,7) and G(n,j), defined by Eqs. (9.35) and (9.36) 
respectively, satisfy Eq. (9.32). Hint: it might be easier to prove the 
following version of Eq. (9.32): 


E@s 49) G(n, j) G(n,j— 1) 


F(n,j) F(n,j) — F(n,j) 
(4) Use Eq. (9.38) to derive the second Rogers-Ramanujan identity. Hints: 
set x = —q. Note that terms with Az = 0,1 will survive. 
(5) Derive the first and the second Rogers-Ramanujan identities from Eq. 
(9.53) by setting z = q and z = q? respectively. 


Chapter 10 


Excursus: Mock theta functions 


Consider a variation of the left-hand side of the Rogers-Ramanujan identi- 
ties: 


5 qr 

WO = agar Fey vn 
i oe. gr tn 

fig) = aegis Ue) ie (10.2) 


That is, (1 — gq”) becomes (1+ q"). It turns out, by simply switching some 
signs, we obtain two examples of Ramanujan’s mock theta functions. 

In a letter which Ramanujan wrote to Hardy just a few month before his 
death in 1920, he described with excitement about a new class of functions 
that he had discovered. Ramanujan called them “mock theta functions.” 
He associated an order with these functions. Known mock theta functions 
are of order 3, 5, 6, 7, 8 and 10. fo(q) and f,(qg) are two of the fifth order 
mock theta functions. 

Since 1920, many mathematicians, including Watson, Selberg, Andrews, 
Garvan, Hickerson, Choi, and McIntosch, have studied these functions. For 
example, Andrews and Garvan (1989) discovered the mock theta conjec- 
tures: 


fola) = a — 209); (10.3) 


(4°59? )oo(G?s goo 2 5(q). (10.4) 


Alg) = (ae )ea(G a )as~ - 
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Here 


WO +) Gey me) 
ised 5n2 
B(q) = -1+ Le Dale Caran (10.6) 


This conjecture was settled by Hickerson (1988) with a lengthy and inge- 
nious proof. Later Y.-S. Choi (1999, 2000, 20002, 2007), in a series of dif- 
ficult and brilliant papers, proved eight identities involving the tenth order 
mock theta functions which are recorded in Ramanujan’s Lost Notebook. 

Despite all these efforts, no natural definition was known for the mock 
theta functions. In 2002 a huge breakthrough was made when S. Zwegers, 
who was a doctoral student of D. Zagier at the time, discovered the missing 
characterization of these functions; see Zwegers (2002). Based on Zwegers’ 
work, Bringmann and Ono (2010) discovered a deep connection between 
mock theta functions and the Maass modular forms. For excellent reviews 
on this topic, see Folsom (2010), Ono (2009) and Zagier (2006-2007). Fol- 
som (2008) was able to give a short proof of the mock theta conjectures. 
See also the paper by Hickerson and Mortenson (2010). 

In view of these exciting developments, it seems appropriate for us to 
take a brief look at the mock theta functions. In this chapter we will prove 
one of the remarkable identities first proven by Y.-S. Choi (1999) involving 
the tenth order mock theta functions. We will follow a short and elementary 
method recently discovered by Zwegers (2010). 

The two tenth order mock theta functions involved are: 


oo gh nrly/2 


a du (GQ? )n+1 ne 
Oo g(nt1)(n+2)/2 
v(@) = >> neni) (10.8) 


<= (G9 )n41 
Let 


ws 2/3, (10.9) 
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Two of the eight identities stated by Ramanujan are: 


2/3 4/93) v(wq'!3) = p(w? gt!) 
SO 0 once area 


2 
2 2 
> 1/3 nez(—1)"a" /3 Vnez(-)"a” /2+3n/2 
Sgn 10.10) 
Yinez(—1)"4 (4 9?) oo 
: wo(wq!/3) — w2b(w2gl/3 
q 2/3a)(q3) +4 ( ) 5 ( ) 
w—wW 
Tea Veena ee 
= Sane dh Sang (10.11) 
dinez(—1)"q" (GG?) oo 
We will prove Eq. (10.10) and this involves three (main) steps. Our presen- 
tation follows closely Zwegers (2010). The proof of Eq. (10.11) is similar 
and we will leave it as an exercise to readers (Exercise 10.4 Question (1)). 


10.1 Step 1: Rewriting the identity 


Let us define the following: 


Definition 10.1. 
+1 ifr,s>0, 
Pres = 4-1 ifr,s <0, (10.12) 


0 otherwise. 


— 1+" 4+?" 


5 (10.13) 


1 ifr=0 (mod 3), 
d(r) 

0 otherwise. 
Zwegers (2010) proved that 


Theorem 10.1. Equation (10.10) is equivalent to 
De Pral—1)RHHT+# (6(R) — 8(r))(B(D) — 6(2)) gh HE He trate tr4se4n 8 


k,lr,s 
2 
= —(% GQ) oo (s-0" BO Core crea (10.14) 
(q; Dc n n(d5n+3)/2 
= amngaye Soe pr erre, (10.15) 


Here and throughout the rest of this chapter, summation indices are to run 
through all integers, unless otherwise stated. 
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Remark 10.1. The right-hand side of Eq. (10.14) will be helpful in guiding 
us to prove its equivalence to Eq. (10.10). The right-hand side of Eq. 
(10.15), which follows easily from Jacobi’s triple product identity, will be 
useful in Section 10.3. 


Proof. Following Zwegers, we need the following Hecke type identities 
first proven by Y.-S. Choi (1999): 
u r+s r? rs s? T+s 
#(q) = FS eayege? De Pra(-1) aaa (10.16) 
1 r+s r?+3rs+s? 
Vege ee (10.17) 


Also we need the following identity: 


9(q1/3)0(wq'!)0(w? q'/9)0(q3) = 64(q), (10.18) 
where 
a ee 
A(q) = >_(-1)"a" = ae (10.19) 


The second equality in Eq. (10.19) is due to Jacobi’s triple product identity 
(Theorem 2.1). For a proof of Eq. (10.18), see Exercise 10.4 Question (2). 
We are ready to prove Theorem 10.1. The right-hand side of Eq. (10.10) 
has a factor of 0(q!/3) = yo, (—1)rgr’/3. Let us use Eq. (10.18) to turn it 
into functions involving integral powers of g. Indeed 
RHS of Eq. (10.10) x q7!/30(wq!/3)0(w?q'/9)0(q°) 


i — 1)" n(5n+3) /2 
@ -6(q) Doak ) d 
(45g?) oo 
= —(69)o0 (a) So(-1)*q? Or), 


To obtain (i), we have used Eq. (10.18). To obtain (ii), we have used Eq. 
(10.19). This gives the right-hand side of Eq. (10.14). 
The left-hand side of Eq. ee 10), under the same operation, becomes 
yr s r Ts s? r s 
g*/36(wq'/3)6(w2qt/3 IX Prol ts g8r?49rst3s+3r+3 


) r?43rs+s?43r+3s+2 


49°) | 
= qoi/3 2 gi/) —1)yr+s+1 ( 1/3 
oa se ) Da Pret wq 


r2+3rs+s7?+3r+3s+2 
A(wq!/3) ) Li pral yyrtstt (-7q/*) 


(10.20) 
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Note that we have used Eqs. (10.16) and (10.17). We want to write the 
above as a quintuple sum of the form }7, ;,.,(-++). 
Let us focus on the first sum (the one without the w—w? denominator). 
Following Zwegers, we write 
A(q'/*) = Ao(q) + Ar(q) + Aa(q), 
where Ac(q) := Yon=e (moa a(—1)"q". Hence the “theta” factor in the 
first sum can be written as 
2 
(wa"!?)6(w?g"!#) = |owa'/*)| 
= Ae AoA; — Ap Ae 4 Ae +2A,Ao+ AS 
<2 (k, 1)( per gh +P )/3 | (10.21) 


where 
0 if (k,l) = (1,0), (2,0) (mod 3), 
p(k, l):= 4-1 if (k,l) = (0,1),(0,2) (mod 3), (10.22) 
+1 otherwise. 
Therefore the first sum in Eq. (10.20) becomes 
S- pr. )p(k, 1)(—1 LPs G(R tr? p8rete? 4 8r +3341) /3, (10.23) 
k,Lr,s 
For the other sums in Eq. (10.20), we will simply replace all theta functions 
by their sum representation (cf. Eq. (10.19)). To this end, let us introduce 
0 ifk=0 (mod 83), 
x3(k) = —— > =41  ifk=1 (mod3), 
—1 ifk=2 (mod 8). 
Therefore the other sums in Eq. (10.20), which have the w—w? denomina- 
tor, become 
S: pr.36(k)x3( fo ee ae 1)(—1)RtH rts g BHP tr? + 8rete? + 3r+3841)/3 


k,l,r,s 
(10.24) 


To obtain this equation, we have used the fact that 
x3(2? +r? + 3rs + s? + 8r t+ 3s + 2) = x3(r? + 8? -P -1). 
By Eqs. (10.23) and (10.24), Eq. (10.20) is reduced to 


S- Pr,sQ(k, lr, 5)(—L)R tH rts (M4? +0? 43rsts? 43743841) /3 (10.25) 
k,l,r,s 
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where 
Q(k, 1, r, s) = 6(r)5(s)p(k, 1) + 6(k)x3(r? + 8? — 1? — 1). (10.26) 
Zwegers’ insight is that Q(k,1,7r, s) can be written as 
Q(k, 1,7, 8) = (6(k)—4(r)) (6(1) —5(s)) +6(r) (6(s)—1) (6(k) —4()). (10.27) 


To prove this identity, we note that 


p(k, l) = 1 — 26(k)(1 — 6(1)) — (1) (1 — 4(k)), (10.28) 
wl = iV3u? (—- a s(t) (10.29) 
wrk? Gal = ~iV3w (= ae a(t) (10.30) 


Here we denote the complex conjugate of x by 2*. 
To prove Eq. (10.28), we note that p(k, 1) is 1 for most k, I: 


p(k, 1) = 1+ “correction terms”. (10.31) 


At k = 0 (mod 3) and / = 1,2 (mod 3), we need to subtract -2 from the 
“leading” term 1 in Eq. (10.31). Hence we need 


—26(k) (1 — 6(2)) 


in Eq. (10.28). The last term in Eq. (10.28) can be justified the same way. 
Equations (10.29) and (10.30) are the complex conjugate of each other. 
A key feature of these two equations is that on their right-hand side w does 
not have exponents that depend on k. For a proof of Eq. (10.29), see 
Exercise 10.4 Question (3). 
By using Eqs. (10.28)—(10.30), Eq. (10.26) becomes 


O(k, 1,7, s) = 6(k)d(1) — 6(k)d(r) — 6(k)5(s) + 6(r)6(s) 
+(5(k) — 9(1))5(r)9(s), 
which is equivalent to Eq. (10.27). 
Finally Eq. (10.25) and (10.27) give 
S- pr,s(6(k) —4(r)) (5(1) —4(s)) (Ai) bt rts (B+ +1? 43rs+5?43r43841)/3 
k,l,r,s 


as 6(r)(6(s)—1)(6(k) —6(2)) (cf. the right-hand side of Eq. (10.27)) is anti- 
symmetric in k and | and the terms involved vanish. The last expression 
gives the left-hand side of Eq. (10.14) and Theorem 10.1 is proven. 
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10.2 Step 2: Two identities involving theta functions 


We need to prove two more identities before we can tackle the proof of Eq. 
(10.15). Let us define 


Definition 10.2. 


O(a; 9) = DO(- Yq Ma" = (q; q)oo(#; goo(2™*G; Goo, (10.32) 


n 


where the second equality follows from Jacobi’s triple product identity. 
Note that © satisfies 
O(w; q) = —w0 (wg; q). (10.33) 
Zwegers (2010, Lemma 3.1) proved the following identity involving O(w; q): 


Lemma 10.1. 
Ty (ete) = 6D) aH et = org BLS (6; POC 0). 
k,l ’ fore) 


(10.34) 


Proof. Let us sketch Zwegers’ proof. We denote by fr(x) (resp. fr(x)) 
the left-hand side (resp. right-hand side) of Eq. (10.34). It is easy to see 
that they both satisfy the functional equation 


f(x) = —a°¢@ f(aq’). (10.35) 
From the product representation of 0, we see that fr(x) has double zeros 
at x = q?" for n € Z, and single zeros at x = q?"*! for n € Z. To find the 
zeros of fr(x), we do the following. We first show that f,(1) = 0. Indeed, 
if we write 


fr(Q) == S> A(k, 0), 
k,l 


where A(k, 1) = (—1)*+"(5(k) — 5(l)) qt" )/3 = —A(I, k). Hence 
fr(l) =—- 0 AG) =f (1). 
kyl 
This gives the desired result. Similarly, we can prove that f;(1) = 0. From 
the functional equation, f,(1) = 0 and f}(1) = 0 imply that f(z) has 
double zeros at x = q?" for n € Z. The same method can be used to show 
that fr(x) has single zeros at x = q?"*" for n € Z. Therefore, both fz (x) 
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and fr(a) have the same zeros and f/f has no poles. Equation (10.35) 
implies 


ke 


Sh (gq) = FE 
fr 


fr 


2 


(qx) (x), 


from which it follows that fr/fr is a constant in x. To find this constant 
(and we want to show that it is 1), we need to find the constant term in fr, 
and in fr. Let us write [x] f(x) as the coefficient of x in the expansion of 
f(x). Then 


[2°] f(a) = 2g? S0(—1)"qn? 2" 


S 2g ea alGe asia ost (10.36) 


[2°] fr(z) = qgi/3 (G5 Doo DS aia 


(9759 Joo 
= 2q'/3.(q; q?)00(4*; 4°)00(—9°; @°)2,. (10.37) 
From these we have 
[xl fi(x) = [2"|fr(a), (10.38) 


which implies fr(2)/fr(a) = 1 (the details of proving Eqs. (10.35)—(10.38) 
are left to readers; cf. Exercise 10.4 Question (4)). 


From Hickerson (1988, Theorem 1.5), we have 


Lemma 10.2. Let |q| < |x| < 1 and |q| < |y| <1. Then 


oe et Me OCCT) 
rst q = TAy DN 10.39 
Xe : O(a; O(y; @) oe 


Hickerson proved this using Ramanujan’s 1W1 summation (see Andrews and 
Askey (1978), Ismail (1977), S. H. Chan (2005), 8. H. L. Chen, W. Y. C. 
Chen, A. M. Fu, and W. J. T. Zang (2009), and W. Y. C. Chen and E. X. 
W. Xia (2009)). For a proof, see Exercise 15.4 Question (4), in which we 
follow Dobbie’s method of proving Eq. (15.1). 
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10.3. Step 3: Finishing up the proof of Eq. (10.15) 


Let [x*y! | f(a, y) denote the coefficient of xy? in the expansion of f. Then 


The LHS of Eq. (10.15) 


p22 (6(k) = 6(r))(6(L) = 6(s)) gh +¥ +r? +3rs+s°+3r+3s+1)/3 
k,l,r,s 


I 


I 


| (8S mn (q/x)" inva”) 


a r n2 m 
yal ((1) — 5(n))q"" + By 


= 
eS 
S 

Se 


oF . 1/3 2 O(a ae Gooey To) 
;q)O(qy—'; @) 
/3 ce q; a) 
(975 q)oo 


-y igs EO Olyg enn) } 


(75 ¢ 


Ole: @)@(e:a)) 


es 1)k+™ (5(k) — 5(m)) gi? +m7)/3qm 
on 
on 
et 


(it) (Gd) : ae 
2 Hes [x°y°] (O(a-ty-14; g O(a: @)O(y; @?)) 


(9; 4?) 
(9; ee [ 0,0] S-( {jar m(m+1)/2+k(k-1)+U(I-1) ,k-m, l—m 
~  (@Pqy Ye 7 ? a 
: oO m,k,l 


(5.9)% Bak 
— — Ab Foo yy grint3)/2_ 


G3 )es S 


In equality (i), we decoupled various factors, making the factorization pos- 
sible. To obtain (ii), we have used Lemmas 10.1 and 10.2. To obtain (iii), 
we have used the following facts: O(y;q) = O(qy~';q) and Eq. (10.33) 
with w = « ty~+qg. This proves Eq. (10.15), the equivalent form of Eq. 
(10.10) by Theorem 10.1. 
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10.4 Exercises 


(1) Prove Eq. (10.11) by using the same method. Hint: see Zwegers (2010). 
(2) Prove Eq. (10.18). Hints. First we note that (recall that w = e?7*/3): 


(wg; wq'/*) = [J — w" 9) 


a II (2) II G54) II (ks3} 
n=0 (mod 3) n=1(mod 3) n=2 (mod 3) 
- [ce ~q”) ie — w2g(3m-1)/3) We — wyq(8m-2)/3), 


Derive similar identities for (q!/%;q!/%) and (w?q!/3; wq!/3). Then 
prove that 
1/3, 41/3 1/32 MV /8\632.41/3. 32:13) (q; Ges 
asa (wg; wg *)(wig swig!) =~. (10.40) 
(43; 93) oo 
During the process of proving Eq. (10.40), the following will be helpful: 
(1—X)(1—wX)(1—w?X) = 1-— X?. 


Lastly, use Eq. (10.40) to prove Eq. (10.18). 
(3) Prove Eq. (10.34). 
(4) Prove Eqs. (10.36) and (10.37). From these results, prove Eq. (10.38). 


PART 3 


Part III: The Rogers-Ramanujan 
Continued Fraction 
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Chapter 11 


A list of theorems to be proven 


This part of the book centers around the following. 


Definition 11.1. The Rogers-Ramanujan continued fraction, R(q), 
is defined as follows: for |q| < 1, 


R(q) == ——+_,—_. (11.1) 
1+—+— 
eae 
Tee 
We will use the following compact notation for R(q): 
R(q) = GG ME. 
1 +1+ 1+ 


R(q) is very interesting, as it is related to the Rogers-Ramanujan iden- 
tities. Let us define the following functions. 


Definition 11.2. 
1 1 
GOSS > aaa Ee) Se 
(9; 1 )o0( 45 1) 00 (97; 4 )oo( 93; 4 )oo 
Hence these functions are the product side of the Rogers-Ramanujan iden- 
tities. 


Recall that D,,+)(a) is the right-hand side of Eq. (8.1). One of its important 
properties is that D(a) gives the product side of the Rogers-Ramanujan 


identities, that is 
A ifa=1 
ee (11.2) 
G(q) ifa=0. 
This equation will be useful in later chapters. 
The following beautiful result was first proven by L. J. Rogers (1894): 
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Theorem 11.1 (Relating R(q) to the Rogers-Ramanujan identities). 


2 5 4.5 H 
Rg) = gh? BO ie _ po (11.3) 
(97; @)oo( 9? @)oo G(q) 
At the end of this chapter we will sketch a proof of this theorem. 


In order to introduce the theorems that will be proven in the next several 
chapters, let us define the following. 


Definition 11.3. 


(1) Two constants a and . 


1-V5 14+ V5 
Qa:= 3 Os= : 
2 2 
Hence ( is the Golden Ratio and a is the negative of the reciprocal of 
the Golden Ratio. 


(2) The function f. 


f(-@) = (% Meo: (11.4) 
Note that 
tee) 
G(q)H(q) = en (11.5) 


(3) The function J(x;q) and J(x). 
i 


We will also abbreviate this as 
Je =Jaeq) (11.7) 


when there is no need to specify the dependence on q\/°. 
(4) The Dedekind eta function 7(r). 


r):= gl"4 TT -a") (11.8) 
n=1 
where g = e27'7 and Im f > 0. 


Here is an overview of what will be discussed in the subsequent chapters 
in Part III. In Chapter 12 we will prove the following three theorems. 
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Theorem 11.2 (A factorization theorem in the Lost Notebook). 
Let t = R(q) and the following is true: 


1 spn Hh ED 
we Opie Vie) voy 
1 yg, 1 f(=49) 
vi Ovt= ar Fa) vm) 


This is a “factorization” theorem: as we will see, multiplying the two iden- 
tities in Theorem 11.2 gives the next theorem. 


Theorem 11.3 (An important identity satisfied by R(q)). 


i _ f(-@"/*) 
RQ | PO ay 


We will use Theorems 11.1 to 11.3 to prove the next theorem, the high 
point of Chapter 12. 


(11.11) 


Theorem 11.4 (The evaluation of R(q)). 
R(e~2") = /2+ 6-8. (11.12) 
In Chapter 13 we will focus on the following theorem. 


Theorem 11.5 (A “difficult and deep” identity). Let u = R(q) and 
v = R(q’). Then 


5 1 —2u + 4v? — 3u3 + v4 


- OT 4 But 4e? + ee 


(11.13) 


G. Hardy commented that Eq. (11.13), which was discovered by Ramanu- 
jan, is “difficult and deep.” 

Ramanujan discovered Eqs. (11.12) and (11.13). On them, Hardy (1999, 
p. 9) said: 


I had never seen anything in the least like them before. A single look 
at them is enough to show that they could only be written down by a 
mathematician of the highest class. They must be true because, if they 
were not true, no one would have had the imagination to invent them. 


By using Theorem 11.2, we will prove the following identity found in 
Ramanujan’s Lost Notebook (see Chapter 14): 
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Theorem 11.6 (An identity in the Lost Notebook). Let ¢ = €?7*/°. 
Then 


(G5 Doo a 5) —1)2 : 
Coda eos A(q’) — a(¢ + 6")? B(@’) 


(11.14) 
where 

_ ¢f_,5 G?(q) 
A(q) = f(-@°) Hla)’ 
Bq) = f(-”) G@, 
C(q) = f(-a°) H(q), 

Z H?(q) 
D(q) = f(-4@°) Ga) 


One of the applications of Theorem 11.6 is the notion of crank, which will 
be discussed in Chapter 14. 
In Chapter 15 we will prove the following closely related results. 


Theorem 11.7 (A differential equation for R(q)). 


d m(r) 
5q— In R(q) = : 11.15 
15, wR) = 1 (11.15) 
Theorem 11.8 (An integral representation for R(q)). 
J/5—1 1 f* f2(—t) dt 
R(q) = 5 exP (-;/ Ft) *) : (11.16) 


FYI 11.1 (Ramanujan’s cubic continued fraction: Part I). 
Ramanujan discovered a continued fraction analogous to R(q). It is com- 
monly referred to as the cubic continued fraction, v.(q): for |g| < 1, 


1/3 2 2 4 
q ap ead 44 +4q 
1 1 1 


Ue(q) := tees (11.17) 


The subscript c stands for “cubic”. It is known that 


ve(q) = eee. (11.18) 
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For wonderful introductions, see Berndt (1991, pp. 345-347) and Andrews 
and Berndt (2005, Section 3.3). For a comprehensive theory of the cubic 
continued fraction, see Heng Huat Chan (1995b). Proofs of Eq. (11.18) can 
be found in Andrews (1968, 1979), Gorden (1961), Hirschhorn (1992), and 
Selberg (1936). Remarkably, ve(q) satisfies a set of identities that are very 
similar to the above list of theorems; see subsequent FYIs. 


Before we conclude this chapter, let us sketch a proof of Theorem 11.1. 
Recall that, for m = 1,2, we denote by H,,,(a) the right-hand side of Eq. 
(7.4) and it has the following properties: 


(1) For a = q we have 


Ay (q) = H(q), (11.19) 
H2(q) = G(q). (11.20) 
(2) They satisfy Eqs. (7.16)—(7.18). In particular, Eq. (7.18) implies 
H2(aq") ag 
= 1 SF 11.21 
Tag) | Flag) (Haag 7) 


Indeed, we set m = 2 and let a — aq” in Eq. (7.18). Dividing the 
resulting equation by H2(aq**!) gives Eq. (11.21). 
With this understood, we consider 
Ay (a) (i) 1 


Ax(a) Ha (a)/H2(aq) 


(i) 1 a 

~ 1 + Aa(aq)/H2(aq) 

(iii) 1 a aq aq® 
THT + + + Bylag)/Ha(agk?)’ 


To obtain equality (i), we have used Eq. (7.16). To obtain equality (ii), we 
have used Eq. (11.21). To obtain equality (iii), we have used Eq. (11.21) 
k+1 times. By the general theory of continued fractions (see, e.g., Berndt 
(1989, p. 107) and Berndt (1991, p. 26)), the continued fraction obtained 
by letting k — oo does converge to H,(a)/H2(a). In particular, this implies 
Di. 2, Me ie, 
Giq) 141414 
This proves Theorem 11.1. 
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Remark 11.1. There is another way to see the connection between R(q) 
and the Rogers-Ramanujan identities. Let us define 


1 oq ¢@ q” 


Ae eg ge ea bP?) 
Up to a factor of q'/5, this is the n-th convergent of R(q). 
If we expand and simplify all the levels in [,,, we obtain 
In = = (11.23) 
where A, and B,, are polynomials in g. For example, since I, = 1/(1+), 
we have 
Apa Bi=1+¢. (11.24) 
Likewise, Iz = 1/(1+ q/(1 + q’)) implies 
Ag =14+¢, Bo =1+q+¢. (11.25) 
For n > 3, it is not hard to show that A, and By, satisfy 
Ay SA yh. (11.26) 
Bee Bee tty Be 55 (11.27) 
Compared with the results in Chapter 8, we see that 
Ae =a (11.28) 
By = Dy+2(0), (11.29) 


where D,,(a) is the right-hand side of Eq. (8.1). As n — oo, one can show 
that I, converges, and, indeed 
An Dx(1) _ H(q) 


Lh= => — =S———; 


By Dx(0) — G(q) 


FYI 11.2 (From the Rogers-Ramanujan continued fraction to 7). 
Inspired by H. H. Chan and K. P. Loo (2007) (see also H. H. Chan and 
W.-C. Liaw (2000), H. H. Chan, S. Cooper and W.-C. Liaw (2007)), S. 
Cooper (2010) discovered that several identities involving R(q) can used to 
prove the following formula of 1/7. 


Theorem 11.9. 


paw tw) ce) (e+ Ee) wt, (12.30) 


where 


(Ce 


(11.32) 


oi? 
sea 


+ p10 — (11.33) 


The value of w is, in fact, eee cf. Remark 12.4. The prefactor 
~'_ 11—w in Eq. (11.30) is closely related to an equation involving 
R°(q); cf. Eq. (12.37). 
For excellent reviews on formulas for 1/7, see Andrews and Berndt 
(2008), Berndt, Baruah and H. H. Chan (2009), Guillera (2010) and Zudilin 
(2008). 


This page is intentionally left blank 


Chapter 12 


The evaluation of the 
Rogers-Ramanujan continued fraction 


In this chapter we will prove Theorems 11.2 to 11.4. The high point is the 
last theorem, which gives the evaluation of R(q) at q = e~”. 


12.1 Proof of Theorem 11.2 


Our proof follows H.-C. Chan and Ebbing (2008) (see also H.-C. Chan 
(2010c)). Note that most of the work is done in Lemmas 12.1-12.3. The 
actual proof of Theorem 11.2 is short (just a few lines) and it is located 
right after FYI 12.1. 

We recall that D,4+1(a) is the right-hand side of Eq. (8.1). It is a 
polynomial that gives, as n goes to infinity, the product side of the Rogers- 
Ramanujan identities; see Eq. (11.2). At the same time, according to 
Lemma 8.1, it can be decomposed into a sum of five terms: 


4 
Drsil ==>) Crt O,a (12.1) 
j=0 


Or 


See Eq. (8.7) to (8.9). 
In order to prove Theorem 11.2, we need to evaluate D(a) and Eq. 
(12.1) will become handy for this purpose. Indeed 
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Lemma 12.1. With the above notation, 


Cx(1,0) = 0, (12.3) 
_ 4 Ea f(—q"/>) _ t Q 

Cue(6.0) = Cno(C4,0)" = ALD (1-2) fa), (024) 
29) — 3 )\* — f(-d") = i 

Cx(1,1) = 0, (12.6) 

—i/s = 

(6.1) = Cne(6t 1" = ED AD fa), 2.7) 
2 _ 304)" _ ead ed) 


Here w* denotes the complex conjugate of w and J was defined in Eq. 
(11.7). 


Proof. From the definition of C;,+1(¢*,a), we have 


rool 1)" gfalckr 
(95 Doo 
Tr (1 — a5) (1 = CB git 29/8) (1 — (HB gin2e-)/5) 
i (G5 Doo 


Coo (Ge a) = 


(12.9) 


To obtain the first equality, we have used Eq. (3.7). To obtain the second 
equality, we have used Jacobi’s triple product identity. 
Setting a = 0 in Eq. (12.9) gives 


ea Lae) 4 __ pk n/5)( —k_ (n—1)/5 
Coo(6*, 0) > IL 1-¢*q —¢*g ) 
—q'/5) &e 
n=1 
f(=4 HP) ~ /5 2n/5 
ete ae, 1—2cosk6q”/? + q°"/*), 
f(-4) TT 


(12.10) 


where @ := 27/5. Note that the last line implies Eq. (12.3) as 1 — ¢° =0. 
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For Eqs. (12.4) and (12.5), we apply the known facts cos @ = cos 40 = 
—a/2 and cos 26 = cos 30 = —6/2 to Eq. (12.10). This gives 


Cuo(¢,0) = £ a a - Ta agnl® + gr), 
Cro(C2,0) = vel (- Ta + Bghl? +@?"!9), 
Coo(¢?, 0) = ir i =I + 6g +qr), 
Ca(C,0) =f ae (is Ta $aghl® + gn). 


These, with the definition of J(x) in Eq. (11.7) and (¢-*)* = ¢~@-*), 
give Eqs. (12.4) and (12.5). The proof of Eqs. (12.6)—(12.8) is similar (see 
Exercise 12.4 Question (1)). 


Lemma 12.2. Recall the definition of G(q) and H(q) (cf. Definition 11.2). 
The following identities are true: 


_ f(-¢*) tia 
(a) = Ft) (3.518) - 0 Ha) (12.11) 
_Al/d 
¢/°H(q) = 2 os J(8) = J(a)): (12.12) 


Proof. The proof of Eq. (12.11) goes as follows. As G(q) = Dx(0), by 
using Lemmas 8.1 and 12.1, we have 


G(q) 5 
= *fr (0) Re (1 = =) + J(8) Re (1 = =)) 
_ a) ( (-o) oe (3+) 118 
i —-- (8.1(8) — aJ(a)) 


This gives (12.11). The proof of Eq. (12.12) follows the same method (see 
Exercise 12.4 Question (2)). 
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An easy calculation shows that 


J(a)J(8) = [[c + g?/® + g2r/5 4 g3r/5 4 g'n/5) — ty (12.13) 


n=1 


This, with Lemma 12.2, gives 


Lemma 12.3. 


A p a 
G(q) = an a = 5) (12.14) 
1 1 1 
#0) = aaa (sey TH) Ci 
or, equivalently, 
G(q) — aq'/°H(q) = ney (12.16) 


FYI 12.1 (Golden Ratio and the Rogers-Ramanujan identities). 
Equations (12.14) and (12.15) imply (cf. H.-C. Chan (2010c)): 


2 ioe) ae 
q” 1 1 1 
= -_— ————— es 
icy 4(Miaaae lines): 
(12.18) 


S- qn te ol (II 1 7 Il 1 
(Mn g/5/5 faces 1+ agn/> 4 g2n/5 ae 1 + Bqr/> ae g2nr/5 
(12.19) 


Note that these identities closely resemble two remarkable identities discov- 
ered by H. H. Chan, S. H. Chan and Z.-G. Liu (2009): 


Theorem 12.1. 


gi/10 1 - Il aaa re 
AL Tp agro + gre IL T+ Bg + pn? 
po EEE oft eopteeeeloaetcee 
pa ee ere ae ae n=1 Leg apy: 


Ee 
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Proof of Theorem 11.2. It is Lemma 12.3 in disguise. For Eq. (11.9), 


we divide Eq. (12.16) by V/q!/°G(q)H(q) = Va'/°f(-4°)/f(—q) (cf. Eq. 
(11.5)) and recall that t = q'/°H(q)/G(q). This gives the desired result. 
The second identity can be proven similarly (see Exercise 12.4 Question 


(3). 


Remark 12.1. There is a pair of identities involving t~°/? — a 
t—5/? — 95t5/2, See Exercise 12.4 Question (5). 


5¢5/2 and 


Remark 12.2. Berndt, H. H. Chan, $.-S. Huang, S.-Y. Kang, J. Sohn, and 
S. H. Son (1999) gave a complete proof of Theorem 11.2. See also Andrews 
and Berndt (2005, pp. 21-24). These authors derived Theorem 11.2 from 
Corollary 4.6 in their paper, which they derived using 


Un r Je id 
Pi, Vi) = yo (Fe : 0 ao). (12.20) 
Here, with |ab| < 1, 
f(a, ) = S- gent t fap Ue 


where U;, := a™("+1)/26n(n-1)/2 and Vy := a? (™—1)/2pn("+1)/2, For a proof, 
see Berndt (1991, p. 48, Entry 31). For more applications of Eq. (12.20), 
see, e.g., Berndt et al. (1999) and Z. Cao (2009, 2010). Note also that 
Lemmas 12.1 and 12.2 above are in the same spirit of Eq. (12.20). 

H. H. Chan, S$. H. Chan and Z.-G. Liu (2009) gave a new proof of 
Theorem 11.2 by using elementary trigonometric sums and the Jacobi theta 
function 6;. 


eee 
FYI 12.2 (Ramanujan’s cubic continued fraction: Part IT). 
Ramanujan’s cubic continued fraction (cf. FYI 11.1) satisfies two identities 
that are similar to the ones in Theorem 11.2: 


qgi3 
ne ~ = 2 aot oa (12.21) 
1—2v. = o(—a*) (12.22) 


y(—q) © 
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Here we follow the standard notations 


pon — n? = (—4; —G)c0 
= ~ n(n+1)/2 _ Cae 
w(q) : 9 es 


These two identities are from Ramanujan’s lost notebook. For discussion 
and proofs, see Andrews and Berndt (2005, p. 94) and Berndt (1991, p. 
345). One can use similar methods for the proof of Theorem 11.2 to prove 
Eqs. (12.21) and (12.22); see H.-C. Chan (2010a). 


12.2 Proof of Theorem 11.3 


This follows from Theorem 11.2. Multiply the two identities Eqs. (11.9) 
and (11.10). The left-hand side gives 


(ni) (nf) fons 
The right-hand side gives 
1 ee. FEC) 
ql? F(a)J(B) f(-@) a /® f(-4°) 
Note that we have used Eq. (12.13) to obtain the equality. The last two 
equations imply the desired result, as t = R(q). 


An alternative proof of Theorem 11.3 


Before we move on, let us sketch Watson’s proof of Theorem 11.3; cf. Wat- 
son (1929). 

The proof is quite tricky but there is much to learn from this proof: 
Watson (1929, p. 40) believed that it is how Ramanujan derived the result. 
We will break this up into three steps. 


Step 1. Let us prove that q~!/>f(—q'/*)/f(—q®) (the right-hand side of 
the theorem) can be written as 


1/5 
eo =g PI 14+ qd, ee) 
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where J; (i = 1,2) are integral power series of q. 
First we observe that 


f(—a'/*) = Il (- =) : Veale vee 


= — | = So: 12.24 
_ gn Set peer ye ( ) 


ie) 

To obtain the second equality, we have used Theorem 4.2 (Euler’s pentag- 
onal theorem). 

The q-series in the numerator of Eq. (12.24) can be written in the 
following form: 


ee ee =e S- ano sage ys bmg” + q'/5 Se eg? 


neEZ meZ meZ meZ 
= Kt? +g Js. (12.25) 


n=1 


Here a are integral power series of q. 
A closer look reveals that J3 is actually the denominator of Eq. (12.24): 
neZ 
and this is quite surprising! Equations (12.24) to (12.26) imply that 


f(—¢'/5) —1/5 1/5 
ee Ae et ee ee 12.27 
gl t=_) ( 
where we have defined J; := 27, / Se for 7 = 1,2. It is not hard to see that 


both J; are integral power series of g. This gives Eq. (12.23). Note that J; 
can be written as 


1 
i= Gas De oS caine cae (12.28) 
PP Joo n=0,3 (mod 5) 


If we compare Eq. (12.27) and Theorem 11.3, we see that the desired 
result will be proven if we have 

GPT Re (12.29) 

qh? Jo = —R. (12.30) 


This may seems hopeless, but amazing things are about to happen! 


Step 2. Let us prove that 
Ie at: (12.31) 
Note that this implies Eqs. (12.29) and (12.30) are the reciprocal of each 


other. Hence we only need to prove one of them (and this will be done in 
the next step). 
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Indeed, we consider the cube of Eq. (12.27): 
3 
f(-¢*) fe 275 1/5 
tia = (4 Fee beg Ja) (12.32) 
On the one hand, the left-hand side of Eq. (12.32) gives 

(= qi/®) (i) i Sex)" Cn =o 1) grin t1)/10 

FPI-P)) Lye Ont) OP 

Gi) Ay +q¥/5 Ay + 3/5 AZ 

-_ Ynez(—1)"(2n +1) gor(n+1)/2 


ag) 


= Ay + ql Ao + 93/> Az. (12.33) 


To obtain equality (i), we have used Eq. (4.3). To obtain equality (ii), 
we have regrouped the numerator as we did in Eq. (12.25). Here Aj are 
integral powers series of g. To obtain equality (iii), we have defined A; to 
be A; divided by the numerator }>(—1)"(2n + 1) Gir +h/2, 

On the other hand, the right-hand side of Eq. (12.32) gives 


3 
(8-1 +4") 
= (J? - 3qJ3) — g'°(8.7 — gJ3) — P (1 + 6A Jo) 
4397/9 Ti (1 + Sn Je) + 3q4/? Jo(1 + Si Je). (12.34) 


Comparing this with Eq. (12.33) implies that the last two terms on the 
right-hand side of Eq. (12.34) should vanish: 


3q7P (1 + Ji Je) + 3q4/9 Jo(1 + Sy Je) = 3q7/9( +g? e)(1+ Ado) = 0. 


Since both J, and J> are integral powers series of q, J, + q?/°J2 cannot be 
zero (otherwise both will be zero). It must be that J, Jz = —1. This proves 


Eq. (12.31). 
Consequently, Eq. (12.27) becomes 
te mo ere gil 


Step 3. The last task is to prove Eq. (12.29); that is, 
qt, = Ro 


(CavmelCmr me: 


J — 
* (G5 Poo (G4; Poo 


(12.36) 
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Watson proved this identity as follows. By Eq. (12.28), we have 


J (P3@)oc = So (-yrgn ont y/? 5 So (-1)rqhr-BGr—V?2 
neEZ neZ 
(i) : 
= (4°59 )co(—G 4" )00(— 443. 97) 00 (473 7") 0045 4") 00 
(q 57) o0 Cee 3.10 7. 10 
= (9°3.4")oo Coes Cle rss 
(GB@)oo (G45 oo 
= (q; q°) (25? )oolGs P)oo 
(9; 4?)o0 (94; G° oo 
To obtain equality (i), we have used the Quintuple product identity; cf. 
Exercise 2.1 Question (1). This is Eq. (12.36) and we are done. 


Remark 12.3. One can use Theorem 11.3 to derive 


1 


_ f(-d 
Bg ~ it = .n5(g¢) = (12.37) 


afo(—@) 

See Exercise 12.4 Question (6). We note that G.-Z. Liu (2001, 2005) was 
able to prove both Theorem 11.3 and Eq. (12.37) through several elegant 
theta function identities that he discovered. 


FYI 12.3 (Ramanujan’s cubic continued fraction: Part ITI). 
It turns out Ramanujan’s cubic continued fraction, v.(q), (see FYI 11.1 
for its definition) satisfies 


Eales Gio ee IGG) 
a) > aarearee. 


This is an analog of Theorem 11.3. To prove this (cf. H.-C. Chan (2010a)), 
one simply multiplies Eqs. (12.21) and (12.22). See also Cooper (2010). 
There is also an analog of Eq. (12.37) for u.(q): 
fa f*(-7) 
ee eC) 12.39 
= RCO PRA) ome 


See H.-C. Chan (2010a, Theorem 3). 


(12.38) 
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12.3 Proof of Theorem 11.4 
In terms of the eta function (cf. Eq. (11.8)), the right-hand side of Eq. 
(11.11) in Theorem 11.3 reads 


fq!) _ n(r/5) 
ge) (Sr) 


where g = e?"’7. Hence Eq. (11.11) becomes 


1 n(r/5) 
= Rg 12.40 
0) aan CD a 
We recall a famous identity satisfied by (z): 
1 z 
1 (-:) = 4/—n/(z) (12.41) 
z i 


(we sketch three proofs of this identity in Appendix A). With z = 5i, this 
implies 


ness) (12.42) 


n(51) 
We are ready for the punchline. In Eq. (12.40), we set 7 = 7. This implies 
q=e 2". Let « := R(e~?"). Equations (12.40) and (12.42) imply 


nli/5) _ ve 


—~-1-7= 


x n(5t) 
Solving this quadratic equation gives « = /2+ 6— f. 


Remark 12.4. In Exercise 12.4 Question (7), readers are invited to use 
the same idea to prove 


BE(eP/VS) = 1+ BO — BP. 


This evaluation was mentioned in FYI 11.2. 


FYI 12.4 (Ramanujan’s cubic continued fraction: Part IV). One 

can imitate the above and evaluate Ramanujan’s cubic continued fraction, 

uc(q), (see FYI 11.1). First we rewrite Eq. (12.38) in terms of 7(z) (with 
271z 

qg=er""*): 


Lon fq) — We/3)n22/3) 
SS 1 (9) n(3zyn(62) (12.43) 
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Let q = e7¥?" (i.e., at z = i//2). One can show that the right-hand side 
of Eq. (12.43) becomes 


where we have applied Eq. (12.41) twice. Solving 1/v, — 1 — 2u, = 3 for 
Ue gives Ue(e~¥2") = (V6 — 2)/2. This gives one of the beautiful results of 
Heng Huat Chan (see H. H. Chan (1995b, Eq. (4.4))). See also Adiga et al. 
(2004), Baruah (2002), Baruah and Saikia (2003), Berndt, H. H. Chan and 
L.-C. Zhang (1995) and Bhargava, Vasuki and Sreeramamurthy (2004). 


Readers who want to study the Rogers-Ramanujan continued fraction 
in more depth can consult the following work: Andrews and Berndt (2005), 
Andrews et al. (1992), Berndt (1991), Berndt and H. H. Chan (1995), 
Berndt, H. H. Chan and L.-C. Zhang (1996), Berndt et al. (2000), Bowman 
and McLaughlin (2004), Duke (2005), Jacobsen (1989), McKean and Moll 
(1999), Parthasarathy et al. (1998), Ramanathan (1984a, b, 1985), S. H. 
Son (1998), Trott (2004) and J. Yi (2001, 2002). 


12.4 Exercises 


(1) Prove Eqs. (12.6)—(12.8). Hint: the idea of proof is similar to the proof 
of Lemma 12.1. 

(2) Prove Eq. (12.12). Hint: the idea of proof is similar to the proof of 
Lemma 12.2. 

(3) Prove Eq. (11.9). Hint: use Eq. (12.17). 

(4) Use Theorem 11.2 to prove Theorem 12.1. 

(5) Prove the following identities (with the notation of Theorem 11.2): 


(5) - (v= h/AS oe 


(12.44) 
() (0 - amy e 


lke (1+ Bq” ro 
(12.45) 
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Hints for Eq. (12.44). Multiply t°/? to both sides of Eq. (12.44). This 
gives 

1=@f = 971/77 (a). (12.46) 
Here we use T)(q) to denote the expression of the right-hand side of 
Eq. (12.44) (except q~!/1°) after multiplying t°/?. To see a connection 


between this and Eq. (11.9) in Theorem 11.2, we do the following. 
Multiply t!/? to Eq. (11.9), and this gives 


1 — at = q7'/!S, (q'/5), (12.47) 


where S$, is everything, except q~!/!°, on the right-hand side of Eq. 
(11.9) after multiplying ¢1/?. Replace q!/> in Eq. (12.47) by Cég!/5, 
where ¢ = e27/5 and i =0,1,2,3,4. This gives 


1/ ee 
1— act = (<a) 51 (¢'4 ae (12.48) 
Multiply all five equations in Eq. (12.48). This gives 


4 


[[ - e¢t) = (< ci gi) ‘Ts (<q oP) (12.49) 


i=0 


=1-a5t® 
The left-hand side implies that we are on the right track. Simplifying 
the right-hand side will give the right-hand side of Eq. (12.44). Equa- 
tion (12.45) can be proven in a similar fashion. Note: this exercise 
follows the proof in Berndt et al. (1999). 
Prove Eq. (12.37), i.e 


1 Pag) 
Se hl Ge ee 
R(q) (a) af®(—4a°) 
Hints. Let x(q) := q~'/°R(q). Theorem 11.3 implies 
1 2 5 (Q)oo 
ee er eee 12.50 
wey 1) = Cas), oa 
Write the last identity, Eq. (12.50), as 
1(q) = R(q). (12.51) 
Let ¢ = e?7/5, Consider the product 
4 4 
[[ 26°90 = [[ 2@"9. (12.52) 


n=0 


3 
ll 
° 
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Amazingly, the left-hand side of Eq. (12.52) becomes 
1 
~ 1195 — g!°x5(q°), 
ag) ¢ —q 2 (a) 
which is equivalent to the left-hand side of Eq. (12.37). This is won- 
derful. The remaining task is to show that 
Cate 
RHS of Eq. (12.52) = (2 SYS.” (12.53) 
which is equivalent to the right-hand side of Eq. (12.37). To prove this, 
we first note that 


The part which we need to take care of is the numerator. Prove that 
(CPOE a os as 3.23" 5 44, 5 
Ceca at = (6795 4? )00 (67475 400 (C745 G00 (670%; Joo, 
Deryey fi dD 

atria (Cg ae SC Ga AC Te ee Ca ae Joss 
3. 73 

ee Sg ad ed eT COW lC re as 
4.74 

eee CGD olC de ead ale Ga x 


Next we multiply all these identities together to evaluate [],; R(¢’g) 

(the right-hand side of Eq. (12.52)). In this final step, the identity 
(1-Q)(1— ¢Q)(A— P@)1— CQ) —¢Q@) =1-Q° (12.55) 

will be very useful. 

Use Eq. (12.37) to prove that 


R5(e-27/¥3) — /7 4 BW — 


Hint: Follow the proof of Theorem 11.3. Let y = a and Eq. (12.37) 


reads 
1 n(T) 
y ae (5) , ee 


The question is, can we find a value of 7 so that the right-hand side 
of Eq. (12.56) can be evaluated by using Eq. (12.41)? One choice is 
to set T = i//5. This implies g = e~2*/V®, the q-value with which we 
want to evaluate R(q). 


“I 
ea 


This page is intentionally left blank 


Chapter 13 


A “difficult and deep” identity 


In this chapter we will prove Theorem 11.5. We recall that v(q) = R(q°) = 
t(q°) and u(q) = R(q). Theorem 11.5 states that 
5 1 — 2u + 4v? — 33 + v4 

WO) = (ae ae 
where u(q) = R(q) (the Rogers-Ramanujan continued fraction) and u(q) = 
R(q°) = t(q°). Hardy (1999, p. 9) commented that this is one of four 
formulas that he thought are “difficult and deep” identity. We will give two 
proofs in this chapter. One is a recent proof by C. Gugg (2009) and the 
other one is due to Watson (1929). 


13.1 Gugg’s proof of Theorems 11.5 


First we recall that t(q) = R(q), ¢ = e?7*/5, and 8 = —1/a is the Golden 
Ratio (cf. Definition 11.3). We observe that 

1 — 2t+ 4t? — 3t° + ¢4 

1+ 3t + 4t? + 263 + ¢4 


_ (tt agile + act(t+ Aeey(t-+ a3) 

(t+ a¢?)(é + a¢3)(t + BC)(t + BC4) 

Gre = te =a eo (Ga ative) 
(13.1) 


os 


+ 


The expression that we started with in the top line is motivated by the 
theorem. The factorization in the first equality, which can be proven by 
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direct computation, is the key behind this proof. The second equality 
is obtained by pulling out t?a??¢!° from both the numerator and the 
denominator. 
Next we use Theorem 11.2 to express the right-hand side of Eq. (13.1). 
For example, consider the first linear factor in the numerator, i.e., 
1 2s 
nF BCoV. 


With q!/° — ¢q'/5, Eq. (11.10) can be written as 


1 


aa: B6vt = aay rie (13.2) 


1 
(8; ¢q'/>) Vi f(—a®) 


For the definition of J(x;q'/°), see Eq. (11.6). 
Next we do the same to the rest of the linear factors in Eq. (13.1). The 
end result is 


1—2t+4?—-38 +44 JG. Cq) IB a") J(as Ca") J(a; 4g") 
(13.3) 
Now we have to worry about how to simplify the right-hand side of 
Eq. (13.3). Thankfully C. Gugg has fully investigated the problem and 
we follow him to define the following: 


Definition 13.1. 


Aye oS, Al (@'/*) = II II (1 + a (Cigh/)5et5 4 (Gigh/s)2—49)) 


t=s,t n=0 
(13.4) 
Bi, = Be) = J] TI G+ eG +a rer) 
t=s,t n=0 


(13.5) 
Note that 7 in Al and Be is a superscript, not an exponent. 


Gugg (2009, Lemmas 4.1 to 4.3) proved the following for Aly and Bie 
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Theorem 13.1. With the notation above, the following is true. 


Ais x By 3 = (q'/°; q)3. (q; Gee 

Ata x Bs. 3 = (q*/*; q) 20 eee aes 

Ab 3X Bi Asis = (¢/*; qc (q°; Oye. 

AS Big (Go). Ie cs 
(475 9" )oo 

Al oss ® = 2,3, 
TE (GaP ahs : 

i. g) 

Ai, — GP) = 14, 
mae Coo : 
(Pra? xe 

Bi, = . = 1,4, 
Be (gar ag, - 

eas) 
fo 2 AERO es a6 4 
BP GPR G) pees 


Cae 
Ais X B23 = Ad,3 x Bla = Tae BND 
(G5 Vo 


(13.11) 
(13.12) 
(13.13) 


(13.14) 


For proofs, we refer readers to Gugg’s paper. Here we prove Eq. (13.10) 
for 7 = 3 to give a favor of the kind of calculation involved. Indeed 


3 
Al 4 


- 7 


n=3 (mod 5) 


- 7 


n=3 (mod 5) 


(A+a(c" + 


1+ ax (Gat/9)" + (Ga"/9)") (1 + a (CAgt/5)" + 


Cr ear Ce COMP 


+a(¢&” 4s Cree +4 gn!) . 


Observe that, for n = 3 (mod 5), 


—a = Cr 4 68", 
nea Bree ge lee cee a 


+ (64qi/5)?") 
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These imply 
At = II (1 — afg?!® + (a2 — a)q2"!/> — aq2”/> + ge) 
n=3 (mod 5) 


= II (1+ oe ai gone 4 gor? +4 qin!) 
n=3 (mod 5) 


(1—-4") 
erro) 


(mod 5) 


n=3 
(q°3 @)oo 
PI; goo 
This proves Eq. (13.10) for j = 3. 
With this understood, let us work on the numerator of Eq. (13.3): 


J(8;C7q'/*)I(B; qt?) F(a; Cq'/*) I(a; ¢4q"/*) 
SS 


I]; 22,5 I]; 43,3 


= (Aj4B3,3) (AisB23) (Ai sis) (23323) (Ai4B2s) 
ween Nes Sess Sse’ Sss_—__—’ 


Eq.(13.6)  Eq.(13.7) Eq.(13.10) Eq.(13.13) Eq.(13.14) 


2. 45 3.45 2/5. 5)2 
_— 71/5. )3 7. 5 4/5, \3 (4, 5 (q + Joo (q +q =) (q + Jes 
v2 b] foe) d CO q 3 CO q 34 co ah [Ro oN. fat Rao 7 an hae 
AP Deel Jee Jeol (a (PERO) ay, Caa% 


(13.15) 


For the denominator of Eq. (13.3), a similar calculation gives (the proof is 
left to readers in Exercise 13.3 Question (1)) 


I(B; Gq?) I(B; C4q"/?) F(a; Cqt/®) I(a; C3q'/*) 


; 4, 2 . d)2 
= Cm) Cam Pec mage ee Ceri eae Poo (5a Joo =) (iP en, 


(q2/°; goo (q4/?; a)oo/ (G4)% 
(13.16) 
By putting Eqs. (13.15) and (13.16) together, we have 
1 — 2t+ 4? — 3434 24 
1+3t+ 4242844 
5 = 

Oe har aC me GPs s\- (13.17) 
NPP cae faaod \(GG es (Ge lca} * 


13.2. Watson’s proof of Theorems 11.5 123 


Let us scale q to q° in Eq. (13.17) and recall that v(q) = R(q°) = t(q°) and 
u(q) = R(q). Hence 
2u+ 4vy? —3u3 +4 — u®(q) 
+ 3u + 4u2 + 2v3 +4 v(q) ” 


our desired result. 


13.2  Watson’s proof of Theorems 11.5 


We start with recalling Theorem 11.3 with q — q°: 


1 . 
Ly ya LG D0 
v 9; ?) oo 
Again we have u = R(q) and v = R(q°) as in Theorem 11.5. 
Next we recall Eq. (12.37) (the proof is Exercise 12.4 Question (6)): 


(13.18) 


1 (CAE 

= -ll-w =—- =... 13.19 

uw "PS oe 
If we let g — q° in the last equation, we obtain 

1 eee Cece 

ye = 95 (@5; 925)8, ae 


Watson’s insight is that the right-hand sides of these three equations imply 
1 (v-t-1-v)® 
— -—ll-w = | —-—___ }. 1st 
u? : (c— ey) 
=A 


This is a quadratic equation in u°. Picking the correct root gives 


—11—-A4 VA2 4+ 224 12 
u = eee (13.22) 
Since A is quite complicated, it seems that we hit a dead end. Once again 


a miraculous cancelation happens! Precisely, let us define 


A=1-2u+ 4v? — 3v? +04, (13.23) 
B=1+3v4 40? + 203 + v7, (13.24) 
Cag Loy, (13.25) 
Note that, in terms of A and B, Theorem 11.5 reads 
A 
wavs. (13.26) 
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We also have 


o§ (uC)? 
= —___ =i 13.2 
‘ v4CAB vAB weed) 
With this understood, a straightforward calculation gives 
A? + 22 + 125 
=W 

——————————— 

_ (1 + 0?) (v4 + 60? + 17u? + 18071 + 25 — 180 + 170? — 6v? + v4) 
- AB , 
(13.28) 


By plugging this into Eq. (13.22), we obtain, after some algebra, 
6 TIP HAE VA + 2204-125 
Qo Orr 
2 
-11 (CC) v*(1+v7)W 
2 2vAB 2vAB 


-11 v(1+2v)A(B+10(1+v+v?)) 


2 7 2vAB 


((v—5)B+5(1 + 2v)(1+ 0+ v?)) 
B 


A 
— v=, 
B 
where we have used (v —5)B+5(1+2v)(1+v+v?) = vA in the last step. 


This gives the desired result. 


Remark 13.1. Note that W in Eq. (13.28) can be factorized as follows: 
1+ 6v + 170? + 18v? + 25v4 — 18° + 170° — 6v" + v° 
= (v $a40)(v + a,2)(v—a_C)(v— a2) 
x(u — by C)(v — by C*)(v + b_C)(v + b-¢4), 
where a4 := J/2+B+£8 and by := /3—B+-!. Again ¢ := e?7*/5 and 
GB is the Golden Ratio. We recall that a_ is the evaluation of R(e~?”) (cf. 
Theorem 11.4). 


13.3. Exercises 


(1) Prove Eq. (13.16). 


Chapter 14 


A remarkable identity from the Lost 
Notebook and cranks 


By using the results in Chapter 12, we will prove Theorem 11.6, which is an 
identity from the Lost Notebook. Andrews and Berndt (2008) reported the 
top ten most fascinating formulas in Ramanujan’s Lost Notebook. These 
ten formulas were selected by Andrews and Berndt, and were ranked by a 
panel of 34 internationally renowned experts in Ramanujan’s work. The 
identity in Theorem 11.6 is ranked in the 8rd place in this list of top ten 
formulas. As noted by the authors, this identity “has had the most impact 
on subsequent research in the theory of partitions”. 

In Section 14.2 we will discuss the implication of Theorem 11.6 on 
cranks. 


14.1 Proof of Theorems 11.6 


We consider the (“uneven”) product 


(G(a)— q"°H(a)) (Gla) - Ba'/°H(q)). 


On the one hand, we have 


(c@ -a q'°H(q)) ; (ca) —p q'!° H(q)) 


= Fm (By Eqs. (12.16) and (12.17)) 
1/5 
x ea 28 (By Eq. (12.13)) 
~qi/®) © 1 
Ta Il (Daca) ia ag). 
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On the other hand, let us expand (G—aq'/°H)* (G—6q'/°H) and 
rearrange terms. We equate the two expressions and divide them by 
G(q)H(q) = f(—@°)/f(—q) (ie., Eq. (11.5)). This gives (with G := G(q) 
and H := H(q)) 


f(—q1/5) 
Tests Cae lac ge) 
7 G34 (¢+¢71-1)q¢'G@?H 
— f(-@°) (tee 
GH 


= A(g) + (C+ 0-7 -1)q'B(q) 
(C+ 67" + 1)a?/O(@) — (C+ 6-)a" DQ). 
Replacing q by q° gives the desired result, as ¢+ C71 —-1 = —(€+ ¢"1)? 
and ¢+ (7? +1=—(¢? +¢-”). 


Remark 14.1. There is an accompanying formula for the above identity. 
See Exercise 14.3 Question (1). 


Remark 14.2. We note that other proofs of Theorems 11.6 can be found 
in Ekin (2000) and in Berndt, H. H. Chan, $. H. Chan and W.-C. Liaw 
(2005b). 


14.2. An application of Theorems 11.6: cranks 


To understand what cranks are, let us first look at the concept of Dyson’s 
ranks. 


14.2.1 Dyson’s rank 
F. J. Dyson (1944) define the notation of ranks: 


Definition 14.1. The rank of a partition, 7, is defined as the largest part 
of 7 minus the number of parts in 7. 


Example 14.1. Consider the partition of 5= 4+ 1. The largest part is 4 
and the number of parts is 2. Hence the rank of this partition is 4 — 2 = 2. 
For more example, see Appendix B. 
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Dyson conjectured that this partition statistic would provide a combi- 
natorial explanation for the famous congruences of Ramanujan: 

p(5n+4)=0 (mod 5), (14.1) 

p(7n2+5)=0 (mod 7), (14.2) 


where p(n) is the partition function; cf. Definition 1.1 (we will say more 
about (14.1) in subsequent chapters). Dyson’s conjecture can be stated as 
follows. Let us define 


N(m,n) := The number of partitions of n with rank m, (14.3) 
N(m,t,n) := The number of partitions of n with rank = m (mod t) 
_ ‘3 N(kt+m,n). (14.4) 
k=—oco 


Dyson conjectured that 


_ p(5n+ 4) 


N(k,5,5n+4) = -OE O<k<4, (14.5) 
N(k,7,7n +5) = ee, 0< hE (14.6) 


Clearly, Eqs. (14.5) and (14.6) imply the Ramanujan congruences (14.1) 
and (14.2). Dyson’s conjectures were proven by A. O. L. Atkin and H. P. 
F. Swinnerton-Dyer (1954). 

Berndt, H. H. Chan, S$. H. Chan and W.-C. Liaw (2005a) note that, 
while Ramanujan was not aware of ranks, he did record in the Lost Note- 
book theorems involving the generating function of ranks, which is defined 
by 


oe) oe) Poe ‘aS oo 
22m q 2 ae (14.7) 


for |q| < 1, |g] < |z| < 1/|q|. See also Berndt, H. H. Chan, S. H. Chan and 
W.-C. Liaw (2005b, 2010). 

It is worth noting that Bringmann and Ono (2010) have made some 
groundbreaking discoveries that relate Dyson’s rank and the theory of 
Maass modular forms. 

If we set z = 1 in Eq. (14.7), we obtain 


S- ( S> Nim, ») =->- a Bre (14.8) 
n=0 i 
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The last equality is due to Euler (e.g., see Garvan (1988, Eq. (7.1))). This 
simple calculation is very telling: it implies the generating function for 
N(m, n) is a z-deformation of the partition function. 
Equation (14.8) implies 
S> N(m,n) = p(n). (14.9) 
That said, however, ranks do not provide an explanation to another 
Ramanujan congruence, namely, 


p(lin+6)=0 (mod 11). (14.10) 
Dyson conjectured that there should be a partition statistic (which he called 


crank) that would provide the missing combinatorial explanation of (14.10). 
In the next two sections, we will look at this remarkable partition statistic. 


14.2.2 Cranks 


Dyson’s conjecture on the existence of the crank appeared in print in 1944. 
The puzzle remained unsolved for more than 40 years until F. Garvan (1988) 
who discovered the notion of vector partitions, the forerunners of the crank. 
The true crank was subsequently discovered by Andrews and Garvan. 


Definition 14.2. For any partition 7, let I(7) denote the largest part of 
mt, w(m) denote the numbers of ones in 7, and p(m) denote the number of 
parts of 7 larger than w(7). The crank is defined by 


U(x), if w(r) = 0, 
c(7) = 
p(n) —w(r), if w(r) > 0. 
Example 14.2. For the crank of all the partitions of n = 9, see Appendix 
C. 
Let us define counting functions analogous to N(m,n) and N(m,t,n). 
Precisely, for n 4 1, we define 
M (m,n) := The number of partitions of n with crank m. (14.11) 


For n = 0,1, we define 


M(0,0) := +1, 

M(+4,1) := 41, 

M(0,1) := -1, (14.12) 
M(m,1):=0, — otherwise. 
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Andrews and Garvan (1988) proved that the generating function for 
M (m,n) is given by 


Theorem 14.1. 


S> So M(m,n)2"q" = ie (14.13) 


m=—oco n=0 


Proof. First we note that the right-hand side of Eq. (14.13) can be 
written as follows: 


(CHES (l=) (9) 
(2q)oo(2 "Goo (2400 (27 "Foo 


ais gz 
(2q)oo 7 (9?) 3-120 )o0 
=T+h. (14.14) 


Next we want to show that Jz comes from all partitions with w(m) = 
j > 0. Consider such a partition 7. It has the form 


T= (Koo yey Lye ee 
——’ 
j times 
Let us write such a partition as 
TS DA Pa 
Here o2 means the multiplicity of 2 in 7, etc. For example, (7,5,5,3, 1,1) 
can be written as 173'5?7!. Note that o; > 0 for 1 = 2,3,--- and j > 0. 
If 7 is a partition of n, then we have 
n= |r| = 7+ 2024+ 3034+---, (14.15) 
c(1r) = (o;41 + Oj42 7°" -) _ j. (14.16) 


To obtain Eq. (14.16), we have used the fact that c(m) = p(ma) — w(m) for 
w(m) > 0. The contribution of such a partition to the generating function 


is given by 


20m) gn = ylojtatojtate: )—J gi t2oat8ast- 


Summing over all such 7 gives 


S S (Catt +Oj+2+°" )-G git2e2+30a+—~ = 31+ 3, 
j21 02,03,---20 
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where J; includes only the terms with 7 = 1 and Jz includes all the terms 


with j > 2. 
Note that 
ay 2. Ce a. 
j22 02,03, 
= s g gd Ss yPGth toj+2+-: g2 72 t3e3t- 
j22 02,03,7°20 
j22 02,77 ,0;20 74157720 
= Sa 
> ae — = j+1 a j+2)...° 
4 E- 9?) = 8) = 2g) (1 — 2g? **) 


A similar calculation gives 
qz_" 


(2q?)oo 


Hence 3; + Jo = Iz, the desired result. 


w= 


Remark 14.3. Note that the lowest power of q in Iz is q', which comes 
from the 7 = 1 term in the sum. Indeed, the coefficient of q in Ig is 271. 
As we will see below, this is the only term with z~', hence M(—1,1)=1. 


Let us turn to J;. As we will see, J, is “almost” made up of all partitions 
with w(7) = 0 (ie., these are partitions that have no ones). 
First we note that a partition with no ones can be written as 


mr = 27237... 17, 


where / is the largest part of a (i.e., | = (a) according to Definition 14.2). 
Note the o; > 0 for i = 2,3,--- ,J—1, and o; > 1 (this is to make sure that 
its largest part is 1). 

For such a partition, we have 


n = |n| = 202 + 303 +---+1o1, (14.17) 
cm) =. (14.18) 
Note that | > 2, as such a partition has no ones. 
The contribution to the generating function from such a partition is 


ol) q” — gl g@rat8ost--tlo ; 
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Summing over all these configurations gives 


7 zl! S S gr? +303+:---+lo, 


1320 92,+,01-120 o121 


2 YS (zq)! S- g27et8oat-tlon 
02 


1>2 yo >0 
(é) (1—q) S- (zq)! s 71 teat tla 
I>2 01,02,°7° ,01>0 
i 
qd i 
= (1-9 >. _—_.—___ “. (14.19) 
ree ( Naa) etaca lo) 
= 


To obtain (i), we have shifted 0; — o;+1. To obtain (ii), we have multiplied 
and divided }7,, q7! = (1—q)71. 

We note that I; is not [;. We need to add the contribution from a 
few missing configurations coming from n = 0 and n = 1. Note that we 
have defined their contribution in Eq. (14.12). Note also that one of the 
configurations with n = 1 appears in Iy (cf. Remark 14.3). Hence we need 


to consider 
I! := M(0,0)z°q° + M(0,1)z°¢+ M(1,1)zq 
= l-qi+zq 


= (1-q) (1+ 7). (14.20) 


Adding the two parts together gives 


Len =(-9| +>) | gap cae? 


1=0,1  1>2 
2il=@ 
(29) 0 
which is [;, the desired result. Note that last line is due to Eq. (2.15) with 


zZ— 2q. 


FYI 14.1 (A PDE that relates ranks and cranks). Atkin and Gar- 
van (2003) discovered a remarkable partial differential equation that relates 
ranks and cranks. We denote by C(z, q) the generating function of M(m, n) 
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(cf. Eq. (14.13)), and R(z,q) the generating function of N(m,n) (cf. Eq. 
(14.7)). Then Atkin and Garvan proved that 


((:2) a a ‘ oa5] (= 2) = 22(q)2, (See). (14.21) 


14.2.3. Cranks and Ramanujan’s congruences 


Setting z = 1 in Eq. (14.13) gives 
lo) co 1 
S> So M(m,n)q" = aa (14.22) 


n=0 M=—oco 


Hence we have 
S> M(m,n) = p(n). (14.23) 


We now define 


M(m,t,n) := The number of partitions of n with crank = m (mod ft) 
= S> M(kt+m,n). (14.24) 
k=—0o 
Garvan (1988) proved the following remarkable identities, settling Dyson’s 
conjecture: 


Theorem 14.2. 


44 
M(k,5,5n-+4) = cours 0<k<4, (14.25) 
M(k,7,7 +5) = Bere, 0<k<6, (14.26) 
ll 
M(k,11,11n+ 6) = SS 0<k<10. (14.27) 


Our goal in this section is to gives two proofs of Eq. (14.25). The first 
one uses Theorem 11.6. The second one uses Euler’s pentagonal theorem 
(Theorem 4.2) and Jacobi’s triple product identity (Theorem 2.1). Both 
proofs are due to Garvan. For the proof of (14.26) and (14.27), readers can 
refer to Garvan’s original paper. 

Following Garvan (1988), we first establish: 


Theorem 14.3. Let t = 5,7,11 and 6 := 6(t) be the reciprocal of 24 modulo 
t. The following are equivalent: 
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(1) Fork =0,1,2,---,t—1, 


(2) Let G := e?*/'. The coefficient of g'"t> in 
we (14.29) 


(C:d)oo(Gr Doo 


tS Zero. 
Remark 14.4. Statement (1) is the same as Eqs. (14.25)—(14.27). 


Proof. The key is to express the coefficient of q’"t° of 
(Q)oo 
(Ceq)20 (Gr “Goo 
in terms of M(k, t,n) by using Eq. (14.13); cf. Eq. (14.30) below. We note 
that 


2 f(m) -> 3 f(mt +k). 


m=—oco =0 m=—oco 


Hence the left-hand side of Eq. bats reads (with z = ¢) 


t— 


~ S > M(m,n) ora. x S° M(mt + k, nyo tk” 


m=—oco n=0 k=0 m=—oo n=0 
ya > ( > sons) ) q’ 
n=0 \m=—oo 
= Tey Mt k,t,n)q” (by Eq. (14.24). 
k=0 n=0 
This implies 
a ck S~ M(k,t,n) (14.30) 
mae Joo -> : ym 
and, therefore, the coefficient of poe in (q)oo/(G:d)oo(G; Goo is given by 
t-1 
S > Mk, t, tn + 6). 
k=0 


Suppose statement (1) is true. This implies the last sum becomes 
t-1 


t-1 
> M(k, t, tn + 5)Gf = M(0,t, tn + 6) $0 Gf =0. 


k=0 k=0 


134 A remarkable identity from the Lost Notebook and cranks 


This gives statement (2). 
Suppose statement (2) is true. This means 
t-1 
SS M(k, t, tn + 6)¢f = 0. (14.31) 
k=0 
We recall that the allowed values for ¢ are all primes. Now ¢ is one of the 
roots of the irreducible polynomial 


lt+z427+---4 274 =0. 


Hence Eq. (14.31) is true only when all the coefficients of 2’ (i = 
0,1,2,---,¢—1) in Eq. (14.31) are equal; i-e., 


M(0,t,tn+ 6) = M(1,t,tn+6) =---M(t—1,t,tn+6). (14.32) 


This is “half” of statement (1). The rest is proven by using Eq. (14.23) 
(with n > tn + 6): 
p(tin+6)= SS M(m, tn + 6) 


m>=— Co 


t-1 foe) 
=S> SO M(mt +k, tn+6) 
k=0 m=—oo 
t-1 
= )> M(k,t, tn +6) 
k=0 
t-1 


= M(0,t,tn +6) (- ‘ (by Eq. (14.32)). 
=~ 


This proves statement (1). 


Let us turn to Garvan’s proofs of Eq. (14.25). Garvan’s strategy in both 
proofs is to show that statement (2) in Theorem 14.3 is true. Hence its 
equivalent form (i.e., statement (1) ) is also true. 


14.2.4 First proof of Eq. (14.25) via Theorem 11.6 
By using Theorem 11.6 with ¢ = e?7*/5 
Doo _ 

@) = A(q’) -— g(¢ + 6")? Bia) 


(Cq)oo(¢~"@)oo 
+97 (C7 + €-*)C(@") — (GC + 6") DQ’). 


, we have 
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The explicit forms of A, B,C and D can be found in Theorem 11.6. Note 
that the left-hand side is the generating function of M(m,n). There is no 
term involving q°”*+* on the right-hand side of the last identity. Hence, by 
Theorem 14.3, statement (1) is true for t = 5; i.e., Eq. (14.25). 


14.2.5 Second proof of Eq. (14.25) via elementary q- 
identities 
We recall the Euler pentagonal theorem (Theorem 4.2) 
O62 ar Ve (14.33) 
neZ 
and an equivalent form of Jacobi’s triple product identity (cf. Eq. (4.13)) 


rat gent 
(d)oo(24)o0(2~*g)o0 = Sa (-1)ngnetV/2z— (=) (14.34) 


n>0 


We note also that, with ¢ = e?77/9, 


(4°; 2° )oo = (d)co(€ Qoo(~ a) co(C7 a) 00(C 7g) 00, (14.35) 


which follows from Eq. (12.55). With this understood, we rewrite the 
generating function as follows: 


aC 
(Cd) o0(67"@)oo 
= ee (C7 @)o0(¢~ 74) 
(d)e0 (6 9)o0(6- 2a) 20 (67a) c0(C-Fa)ao VN IPN IS 
1 n+tm _n(3n—1)/24+m(m+1)/2-—-2m —_ 2(2m+1) 
"Fe. Jiarrneer st )12 ¢ (>). 


(14.36) 


To obtain the last line, we have used Eq. (14.33) and (14.34) to rewrite the 
numerator, and Eq. (14.35) to rewrite the denominator. 

Let us examine the coefficient of q°”*+ on the right-hand side of Eq. 
(14.36). Note that n(3n — 1)/2 = 0,1,2 (mod 5) and m(m + 1)/2 = 0,1,3 
(mod 5). Therefore, in order to have the power of g being congruent to 4 
(mod 5), we must have n(3n —1)/2 = 1 (mod 5) and m(m+1)/2 = 3 (mod 
5). The latter implies m = 2 (mod 5). But this means 

1— 22m+) — 9 


(cf. the right-hand side of Eq. (14.36)). Hence the coefficient of g?"** is 
zero. This, with Theorem 14.3, implies Eq. (14.25). 
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Remark 14.5. By using the theory of modular forms, Mahlburg (2005) 
proved several deep results for M(m,n). B. Kim (2010) extended 
Mahlburg’s results and obtained several fascinating results involving the 
“cubic” partition function (see FYI 16.1). 


eee ee sl 
FYI 14.2 (The therapeutic power of Ramanujan’s garden). 
Dyson (1996, p. 205) once wrote the following words: 


Whenever I am angry or depressed, I pull down [his] collected papers 
from the shelf and take a quiet stroll in Ramanujan’s garden. I rec- 
ommend this therapy to all of you who suffer from headaches or jan- 
gled nerves. And Ramanujan’s papers are not only a good therapy for 
headaches. They also are full of beautiful ideas which may help you to 
do more interesting mathematics. 


14.3. Exercises 


(1) (An accompanying result for Theorems 11.6) We recall that ¢ := e?7*/5. 


Consider the “uneven” product the product 


2 
(c- aq'°H) (c — Bq\°H) : 
See Definition 11.3 for notation. Derive 


(G5 Doo _ 5) 2 —2)2 : 
(ee PAC oe a(C? + ¢-*)? B(q’) 


+P (C+ 671)0(9") — P(C? + 6-7) D(Q"), 
(14.37) 
where A, B,C, D are defined in Theorem 11.6. 


Chapter 15 


A differential equation for the 
Rogers-Ramanujan continued fraction 


In this chapter we will prove Theorem 11.7, namely, the following differen- 
tial equation for R(q): 


d m(r) 

aa R(q) = ne): 

Our proof relies on an identity proven by J. M. Dobbie (1955). We will 
also sketch a modern proof due to A. Milas (2004), who showed that this 
differential equation is related to some deep properties of conformal field 
theory. 


A beautiful corollary of Theorem 11.7 is Theorem 11.8: 


nye Sew (-5f Rant): 


Below we will first assume Theorem 11.7 and prove Theorem 11.8. Af- 
terward we will come back to prove Theorem 11.7. 


15.1 Proof of Theorem 11.8 


Theorem 11.7 implies 
d 1 qq (1—q")? f(-¢ 
a) = 5 TT Gao = Sa 
(l—@") 5qf(-@") 
For the definition of f(—q), see Eq. (11.4). Integrating the last equation 


gives 
Ra) = Aew (-5 | FOS), 


where A is a constant. As q — 17, we have R(q) > 1/8 = (v5 — 1)/2. 
This fixes the constant A and we are done. 


n=1 
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Remark 15.1. We note that Ramanujan discovered a more general inte- 
gral that is similar to that of Theorem 11.8. Such an integral was ranked 
No. 6 among the top ten most fascinating formulas from Ramanujan’s lost 
notebook (Andrews and Berndt (2008)). For details, see S. H. Son (1999). 
See also Andrews and Berndt (2005) and Berndt and Zaharescu (2002). For 
subsequent generalizations, see Ahlgren, Berndt, A. J. Yee and Zaharescu 
(2002), Takloo-Bighash (2006) and Y. Yang (2004). 


15.2 Proof of Theorem 11.7 


We will prove Theorem 11.7 by assuming the following identity due to 
Dobbie: 


eS 5 aN ee eRe ee, 
+ wt 9-2) 


de 2) 22) es . 


“Css d=2P (24) 50(24)50(@ *q)3 (27 *9) 50 


(15.1) 
In Eq. (15.1), we let 
w= e2T/8 gy = 9? = eA ti/8, 
We recall that @ is the Golden Ratio and define 
6:=68+ 671. (15.2) 
The first two terms on the left-hand side of Eq. (15.1) become 
x z 0 
——_~ —- — —~ =--. 15.3 
(l—a)? (1-2)? 5 rs 
To deal with the infinite sum in Eq. (15.1), we first note that 
0, ifj7=0 (mod 5), 
vite 4-2 -x4=¢46, iff =1,4 (mod 5), 
—0, if7 =2,3 (mod 5). 
Hence the infinite sum can be written as 
Sigh : 
3 un (27 +474 — 23 — 274) 
—~ | — qj 
j=l 
oo — 1)g2r-1 — 4)gor—-4 
-1( ene Ga 
w= q q 
(5n —2)q?"-2— (5n — 3)q?"-3 
La gin-2 0 = gbn-3 , 


(15.4) 
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Setting « = e?7'/> and z = x? on the right-hand side of Eq. (15.1) gives 
(w@—a?)(L= 2°) | ( (#q)oo(@ 7G) 0 (#4) o0(@*9) 00 (M50 
(1 — #)?(1 — «?)? (2q)50(#7q)50(@~"4)50(@- 74) 5 
es eee 
=-6/5 


(@) 9 ee 20 (#9) 00 (#89) 20 ae 
5 \ (%q)2,(@?@)2, (x9q)2,(244)2, 
s oe (abe 
5 (2G) 00(X*q)o0(#7q)00 (249) 00 
Gi) 8 _(g)? 
5 (4°; @)oo 
9 1?(r) 
eee (15.5) 


To obtain (i), we have used x° = 1. To obtain (ii), we have used (as x being 
a 5-th root of unity) 
(q)o0(2q) 00 (#74) 0(#°4)00(#*)o0 = (4°3 4” Joo, (15.6) 
which is Eq. (14.35). 
Let us put together Eq. (15.3), Eq. (15.4), and Eq. (15.5). This gives 


— (>: (5n — ger z (5n— 4)q 5n—4 


— gon-1 _— 7on—A4 
n=1 1 q l ¢ 
= 5n—2 _ 5n—-3 5 
— Gn=2)9gr" — (5n—3)q cea) (15.7) 
1— qor-2 1— qor-3 (DT) 
From Theorem 11.1, we see that the left-hand side of Eq. (15.7) is precisely 


d 
5q— In R(q). 
dq 


This “almost” completes the proof of Theorem 11.7. Our remaining task is 
to prove Eq. (15.1), to which we now turn. 


Remark 15.2. We can write Eq. (15.7) as follows: 


57 
1-5) (3 ) -1o (15.8) 


where (4) is the Legendre pay 
+1, ifn=+l1 (mod 5), 
(=) =? 1, ifm=+2 (mod), 
0, ifn=O0O (mod 5). 
Note that there is a closely related identity to Eq. (15.8); cf. Eq. (16.21). 
For other proofs of Eq. (15.8), see Hirschhorn (1983), G.-Z. Liu (2001, 
2005) and Raghavan (1986). 
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Proof of Dobbie’s identity Eq. (15.1) 


While Eq. (15.1) can be derived from a well-known formula involving 
the Weierstrass elliptic function, o(u), and the Weierstrass sigma function, 
o(u), 
a(u—vjo(u + v) 
e(u) — e(*) = -—a aay) (uo2(0) 
we will follow an elementary approach due to Dobbie, as it illustrates many 
nice tricks in dealing with gq-series. 


Step 1. First we show that the left-hand side of Eq. (15.1) can be written 


as 
n 


aq” 2q 
La Oa en 


neZ 
Indeed, let us consider the sum involving x in Eq. (15.9). We break it 
up according ton =0,n>Oandn< 0: 


mr —n 


i TT. ir, 
2s (l—aq)? (1-2)? Se naa Alege 


neZ n=1 
x = xq 
= (1-2)? - Lea aa “= a-lgry? 
apa A SS Sd gl As eg Tytt 
gn=l1 
__ ye jee jet? 
(1-2)? ae 1-qi- 


This is the same as the sum involving x on the left-hand side of Eq. (15.1). 
Doing the same with the sum involving z in Eq. (15.9) gives the rest of the 
left-hand side of Eq. (15.1). 


Step 2. We denote by F(x, z) the right-hand side of Eq. (15.1). Here we 
let z be a parameter which is not an integral power of g. We claim that 
F(a, z), as a function of z, has poles of order two at 
r=q" 

with n € Z. 

Indeed, the denominator (1 — a)? on the right-hand side of Eq. (15.1) 
implies 2 = 1 is a pole of order 2. Similarly, the denominator (1 — 2*q’)? 
implies x = q*/ is a pole of order 2. This proves our claim. 
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Next we want to find the partial fraction expansion of F(x, z). To this 
end, we need to determine the symmetries of F(z, z). 


Step 3. It is not hard to prove that 


F(«,z) = —F(z,2), (15.10) 
F(«,z) = F(qa, z), (15.11) 
= F(q'‘z, z). (15.12) 


We leave the proof of these equations as an exercise (Exercise 15.4 Question 


(1)). 
Step 4. Our goal is to prove that 


F(z,z)= \> + Ale, 2) := G(x) + H(a, z). (15.13) 
peer een 
Here H(a,z) is a “remainder” term which has a Laurent expansion in x. 
Note that, by comparing with Step 1, Eq. (15.13) implies that we have 
“half” of Eq. (15.1). 
To prove Eq. (15.13), we start with the observation that Step 2 implies 


co 
a a a_ 
F(x,z) = aa + d qaane + eT On + H(a,z), (15.14) 
where H(x,z) is a “remainder” term that has a Laurent expansion in 2. 
We need to determine aj. 
First we show that a9 = x. The part of F(x,z) that contributes to 
ag comes solely from the overall prefactor (note that the infinite product 
becomes 1 as x — 1). Indeed, the principal part at x = 1 is 


1 1 x 


(l—2)? l-2x (1-2)?’ 


therefore ag = z. 
For n > 0, we have 


(aaa (15.15) 


Indeed, a,, = xq” follows from the fact that a9 = x and Eq. (15.11), 
and a_n = x +q” follows from ag = x and Eq. (15.12). 
By folding the sum in « in Eq. (15.14), we obtain Eq. (15.13). 


Step 5. This is the final step: let us show that 
H(x,z) = —G(z). (15.16) 
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We recall that H(a,z) and G(x) are defined in Eq. (15.13). 
Indeed, since H(x, z) is a Laurent expansion in x, we can write it as 


H (2,2) = > bn(z)x”. (15.17) 
neZ 


To determine b,, we need to know the symmetry of H(z, z). 
First we note that G(x) satisfies 


G(x) = G(aq). (15.18) 
The proof is Exercise 15.4 Question (2). 
This, with Eq. (15.11), implies 
A(a,z) = F(a, z) — G(a2) 
= F(xq, z) — G(xq) 


= H(xq, 2). (15.19) 
Therefore, only bo(z) survives in the expansion in Eq. (15.17): 
H (a, z) = bo(z). (15.20) 
This, with Eq. (15.13), implies 
F(a, z) = G(x) + bo(z). (15.21) 


By Eq. (15.10) and (15.21), we have 
G(a) + bo(z) = —G(z) — bo(2). 
Hence we must have 
bo(z) = —G(z). 
This proves Eq. (15.16). Along with Eq. (15.21), this implies 
F(x, 2) = G(x) — G(2), 


which is Eq. (15.1). 


15.3. Milas’ proof of Eq. (15.7) 


Recently A. Milas (2004) found a very interesting proof of Eq. (15.7). One 
of the new ingredients in this proof is the use of conformal field theory. 
Below we will briefly sketch the idea behind it. 

Let us write 


ie maa ise C arg a Cae ie ee (15.22) 
weet Mama aaa pei gd eC Reig) age (15.23) 
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Essentially, y; and yo are the right-hand side of the first and the second 
Rogers-Ramanujan identities. 
Milas first proved that y; (i = 1,2) are the solutions of 


d\? he d 
(5) P(g) + 2G2(q) (05) F(q)— =Ga(q)F(q)=0. (15.24) 


Here, for k > 1, Gog denotes the aad Eisenstein series defined by 


oe) 
Bow 2k 1 q’ 


Go,(q) = — OR Ora Le Tage a (15.25) 


with B, being the Bernoulli ae Since yj; ve yg are the characters of 
certain minimal models of conformal field theory, following Milas, one can 
apply a beautiful theorem due to Y. Zhu (1996) concerning Vertex Operator 
Algebras to prove Eq. (15.24). For details, we refer readers to Milas’ paper. 
By setting g = e?"’7, we can write Eq. (15.24) as 
FU + P\(r)F’ + Po(r)F = 0. (15.26) 
Here 


ee ae) d 
Oni dr 79 
and P; = 2G2 and P2 = —(11/5)G4. The Wronskian of Eq. (15.26) is given 
by 
yy _ yi yo = Ge fe P, (7) d(2rir) 


where C is a constant. Explicitly, by using Eqs. (15.8), (15.22) and (15.23), 
the last equation can be written as 


(3 +55 (F )\ = rc ) (57) ae Cie ele Go(r)d(2mir) (15.27) 


n(T) 


We note that 
1d AD. ae 4 
(so) a0)" = ~2Ga(ryn*(0), (15.28) 


where 7 is the eta function, cf. Eq. (11.8). The proof of Eq. (15.28) is 
Exercise 15.4 Question (3). The last equation implies 


Wiyae eee, (15.29) 
Therefore, Eqs. (15.27) and (15.29) a 
5 
(7) 
1- = 15.30 
>> (F) oe oe (15.30) 


This is almost Eq. (15. 7). To fix e we compare the constant terms on 
both sides of Eq. (15.30) and deduce that C = —1/5. This gives the desired 
result. 
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15.4 Exercises 


(1) Prove Eqs. (15.10) and (15.11). 
(2) Prove Eq. (15.18). 
(3) Prove Eq. (15.28). 
(4) 


4) In this exercise, we follow Dobbie’s proof of Eq. (15.1) to prove 


(929(ey; 9) 
ge Sqrs — TAY 15.31 
2? : O(a; )O(Y; a) meek 


This is Eq. (10.39). For the definition of p,,, and 0, see Eqs. (10.12) 
and (10.32) respectively. We denote by f(y; x) the right-hand side of 
Eq. (15.31), with 2 treated as a parameter which is not a power of g. 


(a) Prove that 


Sy; 2) = xf(yq x). (15.32) 
(b) Show that f(y;) has poles of order 1 at y = q” for n € Z. This 
implies 
Cr 
f(y2)=>° =a H(y; 2), (15.33) 


r 


where H(y; x) is a Laurent expansion in y. 
(c) Show that 


CaS a (15.34) 
(d) Show that 
Ay; x) = cH(yq; 2). (15.35) 
Show that this implies 
H(y;x) =0. (15.36) 


(e) Equations (15.33), (15.34) and (15.36) imply that 
ee 
fz) =>— 


ri oe 


Show that this is the same as the left-hand side of Eq. (15.31). 
Hint: follow Step 1 above in Dobbie’s proof of Eq. (15.1). 


PART 4 


Part IV: From the “Most Beautiful 
Identity” to Ramanujan’s congruences 
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Chapter 16 


Proofs of the “Most Beautiful 
Identity” 


We recall that the generating function for p(n), the number of partitions of 
n, is given by 


d, r(n)q = U an 


Ramanujan (2000) discovered the following identity. 


Theorem 16.1. For |q| <1, the following is true: 
oo 5. 4B)5 
S¢ p(n + 4)q” = 5ST ee, (16.1) 
aa CD 


Both Hardy and MacMahon considered (16.1) to be Ramanujan’s “most 
beautiful identity;” see Ramanujan (2000, p. xxxv). For introductions, see 
Andrews (1998), Andrews, Askey and Roy (1999), Berndt (2006), and W. 
Chu and Di Claudio (2004). See also Hirschhorn (2000, 2005). 

In this chapter we will discuss several proofs of this wonderful identity. 


16.1 First proof 


Let us consider Eq. (12.37) with g > q°: 


eee _ ,5n\6 
ata Rg = II ae (16.2) 


Let us divide this by the identity in Theorem 11.3 (again, with q — q°); 
Le., 


1>y 1l-gq 
~1— B®) == |] pe (16.3) 
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This gives (with v = R(q°)) 


3 2 1 1 
vi — v8 +207 + 380+5-=-+54+54+5 
UV UV UV UV 


1 (p77 a-4@n)® ae 
-= (G5) (Is) 


n=1 n=1 
(P37)s <= wea 
= 735. ,25)5 p(njq" (16.4) 
(Ga) eo 


An important observation is that 


5, 25 20, (25 
5 (P37 )oo(G 3 F”)oo Bix Vics j 
CINE =: Tq; P)cc(g?s@)a0 Deng” | = gO(q?). (16.5) 


That is, v can be written as q being multiplied to a function of g°. Here we 
do not need to know the explicit form of the coefficient v,. What is crucial 
is the overall q factor. 

Let us extract from both sides the power of 5n. Due to the fact that 
v = qC(q°), this “extraction” projects out only the constant term from the 
left-hand side of Eq. (16.4). This leads to 


5 = (eae. = p(5n + 4)q°” 
= 25. q25)5 % 
(97°; 9°) d 


Scaling q° — q in the last equation implies the desired result. 


Remark 16.1. One can obtain Eq. (16.4) by considering 


Tini(G@?) — o4' H@?) (GC?) — Ba: HC") 
OUP) 

(note: 7 starts from 1, not 0). By multiplying out the factors involved, one 

can show that T gives the left-hand side of Eq. (16.4) (recall that v = 

qH(q°)/G(q’)). By using Eqs. (12.16) and (12.17) (which are equivalent 

to Theorem 11.2), one can show that T gives the right-hand side of Eq. 

(16.4). See H.-C. Chan (2010c). 


Lhe= 


EY 
FYI 16.1 (Ramanujan’s cubic continued fraction: Part V). It 

turns out that, by using analogous equations involving Ramanujan’s cu- 
bic continued fraction (see FYI 11.1 for its definition), i.e., Eq. (12.38) and 
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(12.39), one can derive an analog of the “most beautiful identity.” Let us 
define a(n) by 
1 


~ (GDP Poo mee) 


iM: 
g 
= 


0 
Byungchan Kim called a(n) the cubic partition function. Then the following 
is true: 


Theorem 16.2. 


= Cee ACen ae 
20 a(3n + 2)q Ce SCI ee Caro ae (16.7) 


For proof, see H.-C. Chan (2010a). Several authors have extensively studied 
Eq. (16.7) (or its generalizations): Baruah and Ojah (2010a, b), Z. Cao 
(2010), H. H. Chan and P. C. Toh (2010), W. Y. C. Chen and B. L. S. Lin 
(2010), B. Kim (2009, 2010), J. Sinick (2010), X. Xiong (2010a, b, ¢), and 
H. Zhao and Z. Zhong (2010). 


16.2 Second proof (after M. Hirschhorn) 


M. Hirschhorn (2005) gave a motivated account of a proof of Theorem 16.1. 
This proof also uses Theorem 11.3 and its idea is closely related to the first 
one. 

Following Hirschhorn, we start with considering 


= iis oN 
dra iG 


— (do (Poo (Cao (Coo ._ A) 
(Q)0(C4)o0 (C7 aoc (CFA) oo(C4a)o0 = Bg)’ 

where ¢ = €27#/5, 
Denominator B(q) can be readily found. Indeed, by the same trick that 
was used to derive Eq. (10.40) (see Exercise 10.4 Question (2)), one can 


show that 


= 2 3 fo a AGE es 
BQ) = (DoS) oo (Coo (CG)oo (CO oo = (GQ) on (16.9) 


(see Exercise 16.4 Question (1)). 
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For A(q), we need the following. First we recall Theorem 11.3, with 
q- g° (cf. Eq. (16.3)) 


[Ja-@ =|[a-#" eae er a oR(a°)) ; 


n=1 


3 
Il 
un 


which is the same as (with R(q°) = qC(q°), cf. Eq. (16.5)): 
1 
doo = (97°; 7° )oo | = - #C(0")). 16.10 
(Gi Qo = (13) Cara q-¢C(7) (16.10) 


With the above understood, we can rewrite A(q) as follows: 


(COe(CaalC age des 
QD (q?5, ?5)4, Il ton —q6i- ec) 


a ae 0 ie Oa 
hg Ber CO gC? Ge gC") 


ii 1 2 : 
2 Ga). ( aoe See eee 


8 
SC es) ec (16.11) 
1=0 


where Xo Ag 1, M1 —A7 1, 2 re 23 A3 —As5 3, and 
4 = 5. To obtain (i), we have used Eq. (16.10) for (C*g)oo. In (ii), we 
wrote C := C(q°). 

By Eqs. (16.8), (16.9) and (16.11), we have 


. (q?°; rae eas 
S- p(n)q” = Cz Fs. x Nig’ C~ (q ) 
n=0 ? co i=0 


Let us extract those terms with powers that are 4 (mod 5). The result is 
= (7°34 

dE (dn + 4)q°" 4 = dagt aa 

n=0 ’ Co 


which is the desired result (after scaling q° to q). This completes our second 
proof of Eq. (16.1). 
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Intermezzo: Hirschhorn’s generalization of Eq. (16.3) 


Our goal is to prove a remarkable generalization of Eq. (16.3) due to 
Hirschhorn (2000): 


(Q)oo(2)o0 (27 "@oo(2”)oo(27") 20 


= BLES Cane Ca Si ee Cee em eae 
= 0 <<} So 


a Se 
(93 9°) 0094; 9°) 00 (0750 Joo G0? cs 
—5,,2. 5 53. ,5 —5,.,5 5A S55 
oppress) ey 
(073.0? ss GP Nes (93 4°) 00(945 9°) oo 


By setting q — q° and z = q, this identity reduces to Eq. (16.3), which is 
one of the most important ingredients of the first two proofs of the “most 
beautiful identity.” 

Indeed, let us apply Jacobi’s triple product identity (cf. Eq. (3.16)) to 
the left-hand side of Eq. (16.12): 


(nasa “dale lel 2 aes 


= Year ge? Vee) vr 


(Doo reZ se€Z 
— S- z"Cn(q), (16.13) 
neZ 
where 
1 
en(q) = a et im a (16.14) 
(Q)oc r+2s=n 


By writing r = n — 2s, we can rewrite cy, as 


(H1ytgn—by? 


en(q) = S(-1)2qS2"-Gn-))/2 
(oo seZ 
—1)rgnr(n-1)/2 
= Eola Pao (16.15) 


To obtain the second equality, we have used Jacobi’s triple product identity. 
This formula implies that, if n = 5k + 4, we have 


c5n-+4(q) = 0. (16.16) 


This is because the factors 


(gE: a? oa (grt tT: g?)oo = 0 
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fork € Z. 
This motivates us to consider c, for n = 0,1,2,3 (mod 5). The result 
is as follows: 


(—1)¥ q(5k?—38)/2 


é aes ac siamese 16.17 

s(@) (G5 400 (G4; 9°) oo ( ) 
(—1)Fq(5k?-)/2 

SA) ee 16.18 

oe+1(@) (475 g°) 00975 g°)oo ( ) 
(—1)¥ q(5k? +k) /2 

e5x4.0(¢) = ————— ——) 16.19 

stad) (475g?) 00975 g°) oo ( ) 

—1)k gq (Bk? +3k)/2 
Ga (16.20) 


C5k43(q) = ————_——.. 
he (45 oo (94s 9) 00 
To prove Eq. (16.17), one applies (for k € Z) 


24 2 
3 Sa Fr Rae Vs 10k°+k 


(q = (759?) 00(975 4?) 009 
to Eq. (16.15). Alternatively, following Hirschhorn, we can set r = k — 2t 
and s = 2k +¢ into Eq. (16.14) and use Jacobi’s triple product identity. 
The proofs for the others are similar (see Exercise 16.4 Question (2)). 


Equation (16.13), together with Eqs. (16.17) to (16.20), becomes 


(@)aa(2)oo(2~")ao(27) 02-24) 
dinez(—1 Ljhapegew able doveg(—1)*z 5k-+1 q(5k*—k)/2 
= Lea 

1)Fz 


(9; 9° )oo(q4; 9°) (9752 )eala? sg? Jos 


Sk+2q (5k?+k) /2 ye: a 1)Fz 5k+3_,(5k2+3k) /2 


— Vneg (= q 


(47; 9°) 00(9; 9°) co (45 4° )oo(4*5 goo 


This gives Hirschhorn’s identity Eq. (16.12) after using Jacobi’s triple prod- 
uct identity to convert the sums to infinite products. 


16.3 Third proof (after Heng Huat Chan) 


Heng Huat Chan (1995a) gave a remarkable proof which uses twice the 
following identity: 


ae ) oe ee ca) (16.21) 


n=1 


As usual, g = e?"'7 and (4) is the Legendre symbol. 
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Note that Eq. (16.21) follows from Dobbie’s identity Eq. (15.1): 


nr m1 


S a et ee 
Sra \2 Py 
“7, (1-24)? (1-29) 
_ (=z) = 22) ( (#24) 00(€27"9)00(#7* 2G) 00 (7729) 00 (D0 
(1—«)*(1 — 2)? (q)5(20)%(a~"q)5.(2 14) 5 
(16.22) 
where we have rewritten the left-hand side of Eq. (15.1) by using Eq. 
(15.9). In Eq. (16.22), we let g > q?" and « = q, y= @”. This gives, after 
simplification, 
Sn +1 5n+2 5. 75)5 
SS) qd = q _ 4a 5d Jes (16.23) 
a Sih apes (4; doo 
which is Eq. (16.21). See also G.-Z. Liu (2001, 2005) for proofs involving 
elegant theta function identities. 
Now back to H. H. Chan’s ingenious proof. We note that Eq. (16.21) 
can be written as 


- (= ) Dea = =q Metts Metts (16.24) 
a S> p(nja" (16.25) 


Let us extract from both sides of Eq. (16.25) those terms with powers that 
are 0 (mod 5). The right-hand side gives 


ye Do (Sn + 4) ght), (16.26) 


Under the same operation, the left-hand side of Eq. (16.25) gives 


=) ka® =5 > (+) og. 16.27 
em 5) ( 5 ) : » 5 > 
The reason for the equality is as follows. If n = 0 (mod 5), one has (4) a 
0. Therefore, in order to have non-zero contribution from those n and k 
satisfying nk = 0 (mod 5), it must be that k = 0 (mod 5); ie., k = 51. 
This also accounts for the prefactor 5. 
By putting together Eqs. (16.26) and (16. ah); we have 


5 S plon + 4)q 5(n+1) _ 5 (F sae (16.28) 
n=0 


(q?? rae 
=5¢ 16.29 
(G35? ce ( ) 


154 Proofs of the “Most Beautiful Identity” 


To obtain Eq. (16.29), we note that the right-hand side of Eq. (16.28) is 
the left-hand side of Eq. (16.24) with g — q° (this is where Eq. (16.21) is 
used the second time). 
From the last equation, we obtain 
25, 425) 
(Pre )ee 


which is the “most beautiful identity” after scaling q° to g. 


eo 5 
S— p(5n + 4)q = 54 ae 
n=0 


Remark 16.2. We note that Eq. (15.8) and (16.21); i.e, 
OY n 5 

n\ ng (7) 

1-5 (=) ms ’ 

ey 5/1—q" ~ (57) 


> Gaara 

Se (Lage: alr)” 
have played significant roles in this chapter and in Chapter 15. Heng Huat 
Chan (1996) showed that they are equivalent. Zhi-Guo Liu (2005) showed 


that they could be derived from an elegant identity involving theta func- 
tions; see also Z.-G. Liu (2001). 


FYI 16.2 (The generating function for p(7n +6)). Ramanujan also 
discovered the following identity, which is an analog of Theorem 16.1. For 
\q| <1, the following is true: 

7. 47)3 Teit\? 
(q id Joe 44994 :q Jeo, 
()% (G51)% 
For proofs, see, e.g., H. H. Chan (1995a) and W. Chu and Di Claudio 

(2004). 


S" p(7n + 6)q” =7 (16.30) 
n=0 


16.4 Exercises 


(1) Prove Eq. (16.9). Hint: apply the same technique used in deriving Eq. 
(10.40) in Exercise 10.4 Question (2). Note that one has to use Eq. 
(12.55), which is 


(1— Q)(1 — CQ) (1 — FQ) — C7 Q)(1 — CQ) = 1 — Q”. 
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(2) Prove Eqs. (16.18)-(16.20). 
(3) (A short proof of Jacobi’s “rather obscure formula”) The formula re- 
ferred to is 


[J @ -02"71)° + 16¢ TJ (1 +02")° = TJ] ate?n-3)®. (26.31) 
n=1 n=1 n=1 


Jacobi discovered this identity around 1829. He referred to it as ‘ae- 
quatio identica satis abstrusa’ (lit. ‘a rather obscure formula’). See, 
e.g., Ewell (1998). In this exercise, we will give a short proof of Eq. 
(16.31). The idea is similar to the proof of Eq. (16.1) in Section 16.1. 
It involves a continued fraction studied independently by Ramanujan 
and by Selberg. For |q| < 1, we define 


1 
=> = — 16.32 
MDG ge ges ae ee pee) 
and write x(q) := 1/(2T?(q)). H.-C. Chan (2009) proved that 
-a\4 
x(q) — Gt om (G Doo (16.33) 


“(q)  2(q*3. 44) 
Denote by F'(q) the left-hand side of Eq. (16.33). Prove Eq. (16.31) 
by considering the difference 


F(-q)? — F(@)”. 
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Chapter 17 


Ramanujan’s congruences I: analytical 
methods 


An immediate consequence of the “most beautiful identity” (Theorem 16.1) 
(9°; g®)8, 
ey p(5n + 4)q = 5d feo 

(5 Doo 


is that all coefficients ei + 4) are divisible by 5. This is the first of the 
three famous congruences discovered by Ramanujan: 


p(5n+4)=0 (mod 5), (17.1) 

p(72+5)=0 (mod 7), (17.2) 

p(lln+6)=0 (mod 11). (17.3) 

We came across them when we studied rank and crank; cf. (14.1), (14.2) 


and (14.10). After all, rank and crank are partition statistics that were 
discovered to explain these remarkable congruences. In this chapter we will 
look at more proofs of (17.1). In the last section we follow a remarkable 
paper by Frank Garvan, Dongsu Kim and Dennis Stanton (1990) and give 
another proof of the “most beautiful identity.” 


17.1 Two short proofs of p(5n + 4) = 0 (mod 5) 


Our first proof is due to M. Hirschhorn (1999). From Exercise 4.1 Question 
(6), we have 


(d)so = A(q’) + 2qB(q") (mod 5) (17.4) 


for some functions A and B. Following Hirschhorn, we start with the 
following: 


(17.5) 
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The factor (q)2, in the denominator, modulo 5, becomes 


n=1 

ze [[a Bq” 1092” 10g°” 5g’? Gg") 
n=1 

=|[G-@”) (mod5). (17.6) 
n=1 


Combining (17.4)—(17.6) gives (with A := A(q°) and B := B(q°)) 


1 — (A+2qB)3 
qo (4s g°)2, en) 
A® + 6qA?B + 12q?AB? 4+ 8q°B? 
SS Cm 8). 7-7) 


Since, modulo 5, there are no powers of g°”*++ on the right-hand side of 
(17.7), the same must be true on the left-hand side; i.e., 


S- p(5n + 4)q°"**=0 (mod 5), 


n=0 


which is our desired result. 

Our second short proof, which is due to J. Drost (1997), is similar to 
the first one in spirit. It takes a different path that leads to (17.7). We 
start with 


1 _ ao @PiPo 1, 
For the denominator, we note that, by (17.4), 
ts CE = A+ 2qB : if 
Oe on) =a) ee 


Putting together (17.8) and (17.9) gives 


ee (A + 2q¢B)? a 
(Gos. -Ag?s07)25 ede); 


which implies (17.7). 
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17.2. A longer proof of p(5n+ 4) =0 (mod 5) 


In this section we will follow a proof in an excellent review paper by Stanton 
(2003). This proof mirrors the one in Garvan, Kim and Stanton (1990), ex- 
cept that t-cores, a major ingredient in that paper, are completely avoided. 
We will, however, come back to discuss the important subject of t-cores in 
the next chapter. 

For this proof, we need to modify our notation for Gaussian polynomials 
to specify their dependence on gq (cf. Definition 3.1): 


A 0 ifm<Oorm>n 
= 1 n)(q ml) ...(f~ n—m+1 
CS gat gael gy) 

(17.10) 

The first major step is the following identity. 
Theorem 17.1. Define the following vectors with t components: 

n= {no, N1,°°° »me-1}, 

T := {1,1,1,---,1}, (17.11) 
b= 10,12) 58 1}. 


The following is true: 


1 1 tluo2i.po 

= = £\ |r| |? +0-7 
(Doo 7 (qs a*)b a oc 
REZ*, 7-T=0 


where ||7i||? = >, n?. 


Proof. We break up the proof into three steps. 


Step 1: Sieving the product (—xq3q). 


Let A, t be non-negative integers and r € {0,1,2,---,t—1}. Let us define 
\ := At+r and consider 
eX 
(-2q;¢), = [JG +24’). (17.13) 
i=1 
Following Stanton, we will sieve the factors on the right-hand side of Eq. 
(17.13) into two groups according to the exponent 7 in 1 + xq’: 


Group I: 1=1,2,---,r (mod 2), 
Group Il: i=r+1,r+2,---,t—1,0 (mod t). 
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Let us look at an example of this sieve before we consider the general case. 


Example 17.1. Consider A = 4, t = 5, and r = 3 (i.e., \=4-543 = 23). 
Let us write f; := 1+ xq’ and hence (—2xq; q)23 = [bei fi. We are to sieve 
such a product as follows: 


(fi x fe x fir x fie x far) 
(fo x fr x fia x fiz x fea) 
(fs x fs x fis x fis x fos) 
(fa x fo x fia x fig) 
(fs x fio x fis x foo) 


The first group consists of the first three lines. The second group consists 
of the remaining two lines. Note that lines in each group have the same 
number of factors. 


Let us go back to the general case and finish the first step. Indeed 


(-2q¢g,= [[ G+) [J G+a¢’) 


t€Group I j€Group IT 
r t 
=[JCedsa)an [] Cea'sa'ya. (17.14) 
i=1 j=rt+l 


This is the main result of the first step. 


Extract the coefficient of x* from Eq. (17.14) 


To this end, we apply the g-binomial theorem (cf. Theorem 3.2) to both 
sides of Eq. (17.14). This gives 


Al e(k+1)/2 
ne 


e(Ly yr: lp Mpa »Me : ne : 
_ S- q (lig: les Mrpiy, ‘TI| l; | II | : 
i=1 i a me 


J 


wah Mi= 
(17.15) 
where 
e(li,- a yop, Mp4iy* a ,m) 


> (“Ss in) + bs oe +jm,). 
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This certainly looks quite complicated. We can simplify the formula by 
putting J; and m; on equal footing through the following definitions: 


la ifs=1,2,---,r, 

t= (17.16) 
m, ifs=r,r+1,---,t, 
1 ifs=1,2,--- 

ee ie ae (17.17) 
0 ifs=r,rt+1,---,t. 


With this understood, Eq. (17.15) becomes 


t 
A} e(k41)/2 _ Ste doen: A+ 6a 
plato De i ea 


(17.18) 
Next we fix an integer B such that 
A>B>0 
and let 
k= Bt (17.19) 


in Eq. (17.18). To simplify the sum on the right-hand side, we do the 
following. Equation (17.19) implies the constraint on the sum is given by 
wi+twoat-:-+uz = Bt. (17.20) 


This motivates one to think of B as the “average” of ws. Hence we define 
nz such that 


ws = B4+ng5_1. (17.21) 


That is, ns-1 measures the deviation of ws from the “average” B. Note 
that ns, € Z. As a result, Eq. (17.20) becomes 


hati eee thin tt Gs (17.22) 


Note that this is the constraint in Eq. (17.12). With Eq. (17.21), the 
exponent in Eq. (17.18) becomes 


Bi Bt 1) 4) fs 5 = = 2B—1 
= ( —_ ) 5 (Smt) + (Soom) + (Sem (+! 5 +1) 
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By putting Eq. (17.19), (17.21), (17.22), and (17.23) into Eq. (17.18), we 
obtain the end product of this step: 


At+r re eee oad ee ey | 

= SD gilarsee yy a 

| Bi ; q? ee (17.24) 
4 #EZt, #-T=0 a=1 q 


Note that the factor g®(*+1)/2 = gBt(Bt+))/2 drops out from both sides. 
Also the term }°>,n, in Eq. (17.23) vanishes due to the constraint on the 
sum (cf. Eq. (17.22)). 


Step 3: Taking A and B to co 
We let A, B > co and Eq. (17.24) becomes, after using Eq. (3.7), 


1 1 bij es 
pos ety) wa een sll +6- 
Of Ge. 

° ReZt, a-T=0 


which is the desired identity. 


Remark 17.1. In the next chapter we will prove Theorem 17.1 by using 
bijections that involve t-cores following Garvan, Kim and Stanton (1990). 


Remark 17.2. We note that ¢||7i||?/2 is a multiple of t. Indeed 
tlio, i 

5 (x + Ps 2) 

t-1 2 t-1 


Nol oe 
+ 
Mi 
= 
PAIN) 
eee 
lI 
I 


= 
& 
lo 


t-1 

=t ne+ NN; 

= 5 a 5 AE 
s=1 1<i<j<t-1 


To obtain (i), we have used Eq. (17.22). 


Let us set ¢ = 5 in Eq. (17.10) and extract from both sides terms 
involving g°"** (keeping in mind Remark 17.2): 


= n 1 8 ||||?+b-7 
S> p(5n + 4)grt4 = ae yo geiniser, (17.25) 
n=0 74 70° eZ, a-T=0 
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An important step in Garvan, Kim and Stanton (1990) is to make the 
following change of variables and rewrite the right-hand side of Eq. (17.25) 
in terms of a; € Z (t= 0,1,--- , 4): 


no = +a0 +Q4, 
ny = —a9 +04 +Q4, 
ng = —aQa1 +Q2, (17.26) 
ng = —Ag +03 —Qa4, 
ng = —a3 —A4, 


We note that this choice of parameterization implies the constraint 7-T = 0 
in Eq. (17.25). 
Let us write @ = {ao0, 1, @2, v3, a4} and define 


Q(a) := 5||a||? — 5(aoa1 + a1a2 + a2a3 + a3a4+a409)—1. (17.27) 


With this understood, we can write the quadratic form in Eq. (17.25) as 
5 4 
sllll? + 6-7 = Qa) + (1 — Sau) (1-eai), (17.28) 


Finally, we have to make sure that the constraint b-t=4 (mod 5) is 
satisfied. One can show that this is equivalent to 


4 
Sa, (17.29) 
1=0 


At the same time, this implies the last term in Eq. (17.28) drops out. Note 
that the remaining part, Q(@), is such that 


Q(a) =4 (mod 5) (17.30) 


for @ € Z°; cf. the definition of Q in Eq. (17.27). 

By putting these together, we have 
S> p(dn + 4)" t4 = saa yee (17.31) 
n=0 (25 P)e0 GED, a-T=1 

The quadratic form Q(@) has a symmetry group including a 5-cycle 
generated by 


‘7 
(a0, a1, @2, 3, 4) —> (4, 0, O1, A2, O13). (17.32) 


Note that C® = 1. Note also that C has no fixed points for @ € Z>. Indeed, 
if there is such a fixed point, this implies 
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This, with the constraint in Eq. (17.29), implies that a; = 1/5, contradict- 
ing the fact that a; € Z. 

Finally, we are to pull out an overall factor 5 from the right-hand side 
of Eq. (17.31) by using the symmetry group generated by C. Let us define 


Q(5N +4) := {ae Z>|&-T=1,Q(a) =5N +4} (17.33) 
and 
w(5N +4) := The number of elements in Q(5N + 4). (17.34) 


With this understood, the sum on the right-hand side of Eq. (17.31) can 
be written as 


So GP) = S70 w(BN + 4) PN. (17.35) 
&EZ5, &-T=1 N20 


The 5-cycle suggests that the elements in Q(5N + 4) can be organized 
into orbits. Indeed, if @ € Q(5N + 4), then 


a, C(a), C?(a), C3(@), C*(a) 
are five distinct elements (cf. the discussion right after Eq. (17.32)) that 
lie in the same orbit. Hence Q(5N + 4) has w(5N + 4)/5 such orbits, or 
w(5N+4)=0 (mod 5). 
This, with Eq. (17.31) and (17.35), implies 
p(5n+4)=0 (mod 5), 


our desired result. 


17.3. Another proof of the “most beautiful identity” 


The proof of p(5n + 4) = 0 (mod 5) in the previous section can be “tight- 
ened” up to give a proof of the “most beautiful identity”; see the orig- 
inal paper Garvan, Kim and Stanton (1990); see also a recent paper by 
Berkovich and Garvan (2006) for a summary. 

The following, which is from the previous section, will be needed: 


— n 1 a 
S > p(sn + 4)q?"t4 = CS y. Ce? (17.36) 
n=0 1" SS Se7s a.T=1 
1 
aR CEG So w(5N +4) PX. (17.37) 
: °° N>O 
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Note that Eq. (17.36) is Eq. (17.31), and Eq. (17.37) is Eq. (17.35), with 
w(5N +4) defined in (17.34). 

In the last section, by organizing the solution set 0(5N + 4) (defined in 
(17.33)) into orbits, we showed that w(5N + 4), the number of elements in 
Q(5N + 4), is divisible by 5. In this section we will be more precise about 
this “organization” (or, “counting” ) procedure. At the end, this will allow 
us to rewrite the right-hand side of Eq. (17.37) and give a new proof of the 
“most beautiful identity.” 

Precisely, we recall that if @ € Q(5N +4), then 


a, O(a), C7(a), C8(a), C*(A) 
are five distinct elements that lie in the same orbit. Garvan, Kim and 


Stanton (1990) observed that we can further distinguish these 5 elements 
by a new (partition) statistic defined as follows. If @ € 0(5N +4), we define 


4 
es(a) = 14+ S- ia; (17.38) 
1=0 
= 2(14+ np — 71 —nN2+73) (mod 5). (17.39) 


Remark 17.3. Let us note the following. 


(1) Garvan, Kim and Stanton (1990) called cs “crank.” Note that this 
new “crank” is not the rank or the (old) crank (cf. Chap. 14), it is also 
referred as the “5-core crank” by authors such as Berkovich and Garvan 
(2006) (whom we will follow here). It turns out that (no,71,--- ,73) 
can be understood in terms of t-cores; see the bijection ¢2 in Section 
18.2.1. We will also discuss t-cores in Chapter 18. At this point we can 
simply think of cs as a “label” that enables us to further distinguish 
the elements within a single orbit under the action of Co 

(2) The definition in Eq. (17.38) is motivated by the action of C on a. 
Precisely, 

cs(C(@)) =cs(@) +1 (mod 5). (17.40) 
Indeed, we note that c5(C(a@)) = c5(@) + 1 —5a4. Note that (17.40) 
implies all five elements in an orbit, {C*(a); i =0,1,2,3,4}, must have 
different 5-core cranks, modulo 5. 
(3) Congruence (17.39) is due to 


2(1+ no — ny — ng +73) 


= (1+ 5%) + 5(ag — Ag — a4) 4 (: Ya), 
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where we have used Eq. (17.26) in the equality. Note that the last 
parenthesis drops out because of Eq. (17.29). 


The above discussion implies the following. The set Q(5N + 4) has 5k* 
elements, as w(5N +4) =0 (mod 5). Indeed, in the last section we showed 
that k* is the number of orbits (under the action of C) and each orbit has 
five elements. In Remark 17.3 (2) we proved by Eq. (17.40) that the five 
elements within the same orbit must have different 5-core cranks modulo 5 
(or say, all five possible values of c; (mod 5) must present in every orbit). 
Hence the number of elements in Q(5N + 4) with the same 5-core crank 
(mod 5) must be a fifth of the total (i-e., w(5N + 4)/5, or, k*). To put it 
differently, let us define, for 7 = 0,1,--- ,4, 
w'(5N +4) := The number of elements in Q(5N + 4) with cs = i (mod 5). 

(17.41) 


Then 
w(5N +4) 


wi(5N +4) = —— (17.42) 
We are ready for the punchline. Let us start with the sum on the right- 
hand side of Eq. (17.37) 
x w(5N +4) ae @ 5 Ss w°(5N + 4) get 
N>0 N>O0 


a&eZ°, &-T=1, 
c5(@)=0 (mod 5) 
(#48) 5 3 g Bll? +6, 
neZ, i-T=0, 


b-#=4 (mod 5), 
14+no—n1—n2+n3=0 (mod 5) 


(17.43) 
Equality (i) is due to Eq. (17.42). Equality (ii) is Eq. (17.35) with the 
new constraint c5(@) = 0 (mod 5). To obtain (iii), we have transformed @ 
to vi; cf. Eqs. (17.26) and (17.28). The new constraint is written by using 


(17.39). 
Garvan, Kim and Stanton (1990) discovered the following remarkable 
substitution 7 — 7m = {mo,mz,--+,ma} € Z° given by 
n= m +2me +2ma4 +1, 
n= —m, —mMm. +m3 +m, 41, 
ng = 2m, +m +2msz3, (17.44) 
ng = 2m2 —2m3 —m, —l, 


ng = —2m, —m™s3 —2m4 —l, 
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and 
mo = —(m, + mg + ms + ma). (17.45) 


Equation (17.45) is the only constraint on 7. Note that all three constraints 
on 7 in the sum in Eq. (17.43) are satisfied: one can use Eq. (17.44) to 
show that: 


1l+no —7n1 —n2e+ng = —5m3 =0 (mod 5), 
4 

Soni =0 (by the design of Eq. (17.44), 
1=0 


4 
Soin = 6 — 5m, —5m2 —5m3—10m,=4 (mod 5). 
1=0 


Another remarkable feature is 
5 ~ Ores sal tas 
slim? +5: = 5 (Sip? +5) +4, (17.46) 


which is readily verified by direct calculation. These imply Eq. (17.43) can 
be written as 


N20 meEZ>, m-1=0 
(ia )p 
= 5g 17.47) 
(54 )oo 
where we have used Theorem 17.1 (with g > q° and t = 5) in the last step. 
Finally, Eqs. (17.37) and (17.47) imply 


— " (Capraa 
p(in + 4)g?"** = 5q* 
dX (9°; a) 


the desired identity. 


FYI 17.1 (A refinement on p(5n+ 4) =0 (mod 5)). Andrews (2004), 

based on the work of Stanley (2005), proved a refinement of p(5n + 4) =0 

(mod 5). Precisely, following Stanley, we define a new partition statistic 
srank(7) = O(7) — O(7’), 


where O(7) denotes the number of odd parts of the partition 7 and 7’ is 
the conjugate of 7. Andrews (2004) proved that 


po(5n + 4) = po(5n+4)=0 (mod 5), (17.48) 
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where p;(n) (4 = 0,2) denotes the number of partitions of n with srank =i 
(mod 4) and p(n) = po(m) + po(n). See also Boulet (2006), W. Y. C. 
Chen, K. Q. Ji and A. J. W. Zhu (2010), Sills (2004), A. J. Yee (2004a). 
Andrews asked for a partition statistic that would divide the partitions 
enumerated by p;(5n +4) (i = 0,2) into five equinumerous classes, hence 
explaining (17.48). Berkovich and Garvan (2006) settled this question by 
finding three such statistics! One of these statistics is the 5-core crank 
introduced by Garvan, Kim and Stanton (1990), which was introduced 
earlier in this chapter. 

a 


Chapter 18 


Ramanujan’s congruences IT: an 
introduction to t-cores 


In this chapter we will sketch the ideas behind a different proof of Theo- 
rem 17.1, following the important work of Frank Garvan, Dongsu Kim and 
Dennis Stanton (1990). A key ingredient of their work is ¢-cores. 

Let us fix a positive integer t. We want to prove 


ae ee ; S- ar(n)q” (18.1) 


Se Sa las (18.2) 


On the right-hand side of Eq. (18.1), we have defined 
a,(n) := number of partition A of n that are t-cores . (18.3) 


The definition of t-cores will be given below. For the definition of 7, b and 
T, see Theorem 17.1. 

The proof of Eqs. (18.1) and (18.2) are accomplished by bijections ¢ 
and @¢2 respectively. These bijections will be discussed in Section 18.2, 
following an introduction of t-cores in Section 18.1. 


18.1  t-cores 
Let a(n) be a partition of n. Associated with it is its Young diagram (as 
we discussed in earlier chapters). See Figure 18.1 for an example. 


To each cell, c, in the Young diagram, we define the hook length of c as 


169 
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Fig. 18.1 The Young diagram of Fig. 18.2 The hook length of the 
m(10) = (5,3, 2). shaded cell is 4. 
follows: 


hook length of c 
:= # of cells that are in the same row to the right of c 
+# of cells that are in the same column below c 
+1. (18.4) 


For example, the hook length of the shaded cell in Figure 18.2 is 4. 
Each cell in Figure 18.3 and 18.4 is labeled with its hook length. 


7 6 | 4) 2 1 7 5 | 4 |] 2 1 
4} 3 1 4 2 1 
2 1 1 
Fig. 18.3 The hook lengths for (5, 3, 2). Fig. 18.4 The hook lengths for (5, 3,1). 


We are ready to define t-cores: 


Definition 18.1. A partition \ is a t-core if it has no rim hooks of length 
t. 


For example, the partition (5,3, 2) in Figure 18.3 is a 5-core and (5,3, 1) 
in Figure 18.4 is not a 5-core. 

The generating function for ¢-cores can be written as (cf. the definition 
of a,(m) in (18.3)): 


Co 


LS ql**t-corel = Ss a,(n)q”. (18.5) 


At-core n=0 
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18.2 The bijections ¢1 and ¢2 


18.2.1 The bijection d2 
Garvan, Kim and Stanton (1990) proved the following remarkable theorem: 


Theorem 18.1. Follow the notation for it, b and I as stated in Theo- 
rem 17.1. Let Pt core denote the set of partitions that are t-cores. There 
is a bijection 


2: Preore — {#8 €Z': 4-T=0} (18.6) 
such that if A¢-core © Pt-core, then 
t => ieee 
lAt-corel = glial? + 6° a. (18.7) 
Remark 18.1. Theorem 18.1 implies Eq. (18.2). Indeed, 
So ar(n)q” = S> qreorel (by Eq. (18.5)) 
n=0 At-core 
= ys gill? +b-7 (by Theorem 18.1). 
nmEZt, 7-T=0 
Remark 18.2. 


The construction of ¢3 


We will discuss how ¢2 is constructed and sketch the key ideas behind the 
proof of Theorem 18.1. For the full proof, readers should consult Garvan, 
Kim and Stanton (1990). 

We need the following ingredients. Let A be a ¢-core. 


(I1) The label of a cell at the i-th row and j-th column of A is defined by j—1 
(mod t). This is called the ¢-residue diagram (cf. James and Kerber 
(1981, p. 84)). 

(12) Add column 0 and label its cell the same way. This gives the extended 
t-residue diagram. 

(13) A cell is called exposed if it is at the end of a row in X. 

(14) Region r of the extended ¢-residue diagram is the set (or, “band”) of 
cells (2, 7) such that t(r —1) < j -i <tr. 

(15) Let n; denote the maximum region of » which contains an exposed 
cell labeled i. As noted in Garvan, Kim and Stanton (1990), this is 
well-defined as column 0 has infinitely many exposed cells. 
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Now we are ready to define ¢2 in the theorem. Let \ be a t-core, then 
2(A) = {no, 1, 2,°°° ,me-1} (18.8) 


where {n;} are defined above. 
Let us look at an example that illustrates these steps. 


Example 18.1. Fix t = 5. Let A = (12,9,9,6,6,3,3), which is a 5-core 
(check it). Our goal is to find ¢2(A). Practically, the above construction 
can be carried out as follows. 


Step 1: Setting up a 2D grid 
This step is like setting up a “coordinate system” for partitions. Consider 


a 2D grid of cells as shown in Figure 18.5. 


The 0% column The 5% column 


| | 


Fig. 18.5 The numbering of columns and rows. The shaded cell is in the 5th column 
and 4th row. 


The way we number columns and rows is illustrated by the “coordinates” 
of the shaded cell in Figure 18.5. Note that there is column 0 (with dotted 
boundaries). This is to make the resulting diagram extended (cf. (I2)). 

We can now put labels on the grid according to 7 — 7 (mod t) where 7 
and j denote the row and the column of a cell respectively (cf. (I1)); see 
Figure 18.6 in which t = 5. 

The periodic “bands” naturally give rise to the notion of regions (cf. 
(14)). The way regions are numbered is equivalent to the following (see 
Figure 18.6 for an illustration). The region that contains the main diagonal 
of Os is region 1. The ones to its right are 2,3,4,---. The ones below it are 
Ohi, SO aes 
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Fig. 18.6 Grid with label 7 — i (mod 5). The numbering of regions is shown. 


Step 2: Finding $2(A) 
Consider Figure 18.7 in which we have the 5-core \ = (12,9, 9, 6,6, 3,3). 


Fig. 18.7 Partition A = (12,9, 9,6, 6,3, 3), which is a 5-core. Its exposed cells are circled. 


Align its Young diagram with the lst column and 1st row as shown. In 


174 Ramanujan’s congruences II: an introduction to t-cores 


Table 18.1 


Figure 18.7, all its exposed cells are circled. This includes those which are 
in column 0. 

We can put all essential information in the form of a table (this is 
equivalent to the “biinfinite words” in Garvan, Kim and Stanton (1990)). 
Consider Table 18.1. We will infer n; from this table. 

Let us explain how Table 18.1 is constructed: 


(1) The numbers 0,1,2,3,4 on the top row are all the possible values of 
the label of each exposed cell. Recall that, in general, labels could be 
0,1,2,---,t—1 for fixed t. 

(2) The numbers 3, 2,1,0,—1,--- in the first column denote regions in the 
2D grid. 

(3) The rule for checking a box in the table is as follows. Refer to Fig- 
ure 18.7. Look at region r = 1. There are two exposed cells (with label 
1 and 2). So we put two crosses in the row belonging to region 1. The 
two crosses are placed in columns with label 1 and 2, corresponding to 
the labels of these exposed cells. Apply the same rule to all regions. 

(4) The top cross in each column is circled in the table. This is essential 
for inferring n;. 

(5) The table above actually does not end at region r = —4. In fact, it 
should go down indefinitely as the cells in column 0 are all exposed for 
r = —5,—6,—7,---. We just cut it off at r = —4 for practical reasons. 
Also all boxes in regions r > 3 are empty and they are not shown. 


We are ready to find n;. The order of inferring n; from the table above 
does not matter. We will start from n4. In this case, go to the last column 
(with the top box marked 4). Locate the top cross (circled). It belongs to 
region r = —2. Hence we assign n4 to be -2. Doing the same thing for all 
nN; gives 


no = —1, Ny 3, ne 2, n3 —2, n4 —2. 
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Here is our final answer. For \ = (12,9, 9,6, 6,3, 3), we have 
2(A) = {-1,3, 2, -2, —2}. (18.9) 
Note that the sum of all positive components of ¢2(A) is 
So m= 34255. (18.10) 
ni>0 


This sum has a geometric meaning (see Garvan, Kim and Stanton (1990) 
for details): it is the size of the Durfee square of X (i.e., the largest square 
of cells in the Young diagram of X). 


Example 18.2. Let 4 = (12,9,9,6,6,3,3) be the same partition as 
in the previous example. Consider its conjugate, given by » 
(7,7,7,5,5,5,3,3,3,1,1,1). See Figure 18.8. Suppose we want to find 
2()’). 


Fig. 18.8 Partition \’ = (7,7,7,5,5,5,3,3,3,1,1,1). This is the conjugate of \ consid- 
ered in Example 18.1. See also Figure 18.7. 
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Table 18.2 


We can construct its table as we did in Example 18.1. The result (down 
to region r = —4) is shown in Table 18.2. 
From Table 18.2, we infer that, for 4’ = (7,7,7,5,5,5,3,3,3,1,1,1), 


G10) SIPS BAY (18.11) 
Again the sum of all positive components of ¢2(X’) is 
So ni =24+241=5. (18.12) 
n'>0 


It is not a coincidence that the sum is 5 again: the size of the Durfee square 
is unchanged by conjugation. See Figure 18.8. 


The above examples illustrate some general features of 2 (see Garvan, 
Kim and Stanton (1990) for details). Fix a positive integer t. 


(1) Let Atcore be a t-core and Xj oz. be its conjugate. If 
b2(At-core) = {N0, M1, °°* , M41} (18.13) 
then 
ba(At-core) = {—Me-1) —M-2°** , No} (18.14) 


Compare the last two equations with Eqs. (18.9) and (18.11). Note that 
Eq. (18.14) can be written as follows. Let us write ¢2(Aj;core) = {N§}- 
Then Eq. (18.14) is the same as 


ni, = —Nt-1-j- (18.15) 
(2) The last property and the invariance of the size of the Durfee square 


under conjugation imply that 


t-1 
Son; = 0, (18.16) 
1=0 
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which is the constraint in Theorem 18.1. Indeed, let us write 
ba(At-core) = {M0 1,°°* ,Ne-1}- 
We can split {n;} into three groups: 
n; > 0, denoted by {a1, a2,---}, with a; > 0, 
n; = 0, denoted by {bj, b2,---}, with b; = 0, 
n; <0, denoted by {—c1, —c2,---}, with ¢ > 0. 
Note that Eq. (18.16) is the same as 


So ast $0 b)- >  =0. (18.17) 
i j k 


The size of the Durfee square of A¢-core is given by 


So m= >a. (18.18) 


n;>0 


Let us consider its conjugate and write 


2(Ab-core) _ {no, ni, aes ny}. 


Because of Eq. (18.14), we can split {ni} into three groups as follows: 


ni, > 0, denoted by {c1,c2,---}, with c; > 0, 
ni, = 0, denoted by {bj, b2,---}, with b; = 0, 
ni, <0, denoted by {—a,, —az,---}, with a; > 0. 


The size of the Durfee square of Xj core iS given by 
y= Son (18.19) 
n'>0 j 


The invariance of the size of the Durfee square under conjugation im- 


plies 
ae aQy= S- Ck. 
i k 
This means (recall that b; = 0) 
So ai + 2d; - Soa = 0, 
i j k 


which is Eq. (18.17). 

The inverse map to ¢2 can be found readily. This is because {ni} 
indicates the location of all exposed cells, from which we can reconstruct 
the underlying t-core. See Garvan, Kim and Stanton (1990) for details. 
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Fig. 18.9 Splitting the partition into three parts. 


(4) Let us sketch the derivation of the formula for |A+-coye| in Eq. (18.7). 
To prove this formula, we split the Young diagram of Ay core into three 
parts like Figure 18.9: part I consists of the main diagonal of Os; part 
II consists of all the cells to the right of part I; and part III consists 
of all the cells below part I. Here are the contributions of these three 
parts to the formula of |A+-core|. Part I contributes 


which is the size of its Durfee square. Part II contributes, as shown in 
Garvan, Kim and Stanton (1990), 


S- ing tt ts 

ni>O 2 

To understand this equation, let 7 be such that n; > 0. Since each 
region < n; has an exposed cell with label i (see also comment (5) 
below), all these exposed cells labeled i in region r > 0 contribute to 
part II and the total number is 


[HERDED ++ ODE) = in +e(4). 


It may be instructive to examine how this argument works in the case 
of A = (12,9, 9,6,6,3,3); see Figure 18.7. Cells in part III, by a similar 
argument, contribute 
— Yo e- 1-H) + (Y). 
nj <0 
To prove this, we flip the cells in part III by conjugation and move them 
to the right of the main diagonal of 0s. Then we apply the formula for 
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Table 18.3 


the contribution from part II, taking into account Eq. (18.15) (this 
explains the appearance of t — 1 — j in the formula). 

(5) One important feature of a t-core is that its table (like that of Ta- 
ble 18.1) has no “bubbles” like that in Table 18.3, where there is a 
bubble in the last column in region 0. In Garvan, Kim and Stanton 
(1990), it is proven that, if there is an exposed cell labeled 7 lies in 
region r, then there is an exposed cell with the same label 7 in each 
region < r (otherwise, one can find a rim hook with length t, contra- 
dicting the fact that the partition is a t-core). This will be crucial for 
the construction of ¢1 below. 


This concludes our discussion on the bijection de. 


18.2.2 The bijection 1 


The bijection 4; goes back to Littlewood. Garvan, Kim and Stanton (1990) 
proved the following remarkable theorem: 


Theorem 18.2. Let P denote the set of partitions and Pt_core denote the 
set of partitions that are t-cores as in Theorem 18.1. There is a bijection 
$1: P — PreoreX PX+++x P 


$1(A) = (At-core; do, M, da, A Tao NA) (18.20) 
such, that 
t-1 
|A| = lAt-corel tt >. |Aul- (18.21) 


i=0 
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Remark 18.3. Theorem 18.2 implies Eq. (18.1). Indeed, 


a ya! 
r 


(Q)o0 
7 pas oS qit-corel +#E 1A (by Theorem 18.2) 


At-core Noyes sApEa 


S- ql*t-corel II » q¢’ Li Ail 
Ki 


I 


At-core a 
1 = Pa 
= (qiqt S- ar(n)q (by Eq. (18.5)). 


The construction of $1 


The idea behind the construction of ¢1 is a natural extension of what was 
said in the last section. 

Given any partition (which is not necessarily a t-core), we can place it 
on the 2D grid (with labels) and build up a table like that of Table 18.1. 

If the partition is not a t-core, its table will have bubbles (cf. our 
discussion toward the end of Sect. 18.2.1). The bijection ¢; is simply the 
map that removes rim hooks that have lengths which are multiplies of t 
(i.e., it removes the bubbles in the table) and transforms . into a t-core. 
The removed rim hooks are then organized to form partitions Na tee Neeait 
For full details, readers should consult the original paper Garvan, Kim 
and Stanton (1990). Below we will consider an example to illustrate this 
“removal” process. 


Example 18.3. We fix t = 5 and let A = (11,6, 3,3, 2); see Figure 18.10. 
Following the procedure outlined in Example 18.1, we construct a table for 
A. The result (down to region r = —2) is shown in Table 18.4. Let us 
remark the following concerning this table. 


(1) We do not circle the top crosses. After all, we are not inferring the ni 
as we did for t-cores. 

(2) In column 0 we mark two of its crosses with subscripts. This makes it 
easier for us to refer to them. 

(3) Also in column 0, there are two bubbles. One is sandwiched between 
x, and x2, belonging to region r = 2. This means, the partition does 
not have an exposed cell (with label 0) in region 2. The other bubble 
is right below x4. 
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Fig. 18.10 The partition A = (11,6, 3,3, 2). 


Table 18.4 


Let us deal with the lower bubble first. The idea is very natural: go to 
the Young diagram of 4, remove an appropriate rim hook such that, after 
its removal, the exposed cell represented by x, (in region 1) will disappear 
and a new exposed cell (with the same label) will appear in the region 
below. Effectively, this removal “moves” x, down and “squeezes out” the 
lower bubble in Table 18.4. 

This is implemented as follows. Consider Figure 18.11. 


(1) Go to region 1 and locate the exposed cell with label 0 (which is in the 
3rd column and 3rd row). Call this cell c. Note that c corresponds to 
x, in Table 18.4. 

(2) Go to the region below (region 0). According to Garvan, Kim and 
Stanton (1990), there is a cell in this region, which has the same label 
as c, such that, to the right of it, there is a cell (call it c*), such that a 
rim hook connecting c and c* has length t (=5). In Figure 18.11, c* is 
in the Ist column and 5th row. 
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Fig. 18.11 Same partition as in Figure 18.10. The rim hook to be deleted is shown. 


(3) Remove this “problematic” rim hook and glue the isolated part (due 
to the removal process) to the rest of the diagram. Call the resulting 
partition A; = (11,6, 2,1), which is shown in Figure 18.12. 


Fig. 18.12 The resulting partition Ay = (11,6,2,1) after a rim hook of length 5 is 
removed. 


In Figure 18.12, consider the part that was isolated and glued back to 
the rest. Note that its labels are unchanged under this (gluing) process. 

Construct the table for A; (down to region r = —2); cf. Table 18.5. In 
this table, x1 is gone, and a new one x} appears. Compare Table 18.4 and 
18.5. 

Next we want to move X2 down and squeeze out all remaining bubbles. 
To accomplish this, we will remove a rim hook of length 10. The rim hook 
(of length 10) to be removed is indicated in Figure 18.13. 
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Table 18.5 


Fig. 18.13 The rim hook to be removed in Aj. 


After its removal, the resulting partition (with the isolated part glued 
back to the rest) is shown in Figure 18.14. Call it A5-core = (5, 2, 2, 1), as it 
is a 5-core. 


Fig. 18.14 The partition A5-core = (5, 2, 2,1). 


Let us construct the table for As-core (down to region r = —2); cf. 
Table 18.6. In this table, x2 is gone, and a new one, x4, appears. Compare 
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Table 18.6 


Table 18.5 and 18.6. It is clear As-core is a 5-core as all the bubbles are 
removed. 

Finally we need to keep track of the parts that we removed. Note that we 
always remove rim hooks with length 5/ (1 being a positive integer). Hence 
if we remove rim hooks with lengths 511, 5l2,---, we only need to keep 
l,,l2,--- for bookkeeping purpose. We organize them in weakly decreasing 
order and these {1;} will give us the remaining partitions. 

In the present example, only Xa is non-trivial, as only column 0 in the 
table of A has bubbles. 

There were two removals, with rim hooks with length 10 = 5 x 2 and 
5 =5 x 1 being removed. Hence the positive integers to be retained are 2 
and 1 (they are underlined in the previous sentence). That is 


No = (2,1). 
In sum, we have 
$1(A) = (As-core; Ao), 
where \ = (11, 6,3,3,2) and As_core = (5, 2, 2,1) is a 5-core. 


Remark 18.4. \) = (2,1) can be thought of as the bosonic excitations 
described in Chapter 5. 


Chapter 19 


Ramanujan’s congruences III: more 
congruences 


The congruence 
p(5n+4)=0 (mod 5) (19.1) 
says that, when evaluated along the arithmetic progression 5n + 4 (for 
n> 0), ie., 
4,9,14,19,24,29,-+-, 
p(5n + 4) is divisible by 5. 

If we look closer at these coefficients p(5n + 4), we will notice that 
along nested arithmetic progressions within {5n + 4;n € Zso}, p(e) could 
be divisible by 57, 5°, etc. For example, along {25n + 24;n € Zso} C 
{5n + 4;n € Zso}, ie., 


24,49, 74,99, 124, 149,---, 


we have 
p(25n +24) =0 (mod 52). (19.2) 
Indeed, 
p24) = 1575 = 37577", 
p(49) = 173525 = 57116311, 
p(74) = 7089500 = 27571111289", 
p(99) = 169229875 = 5713538391, 
p(124) = 2841940500 = 273'5°7131187311, 
p(149) = 37027355200 = 25711917383". 


Such phenomena are captured by (for n > 0) 
p(5*n+rp)=0 (mod 5°), (19.3) 
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where r; is the reciprocal modulo 5* of 24. When k = 1, it reduces to 
(19.1); when & = 2, it becomes (19.2). This was conjectured by Ramanujan, 
together with 


p(T'n+ sp) =0 (mod 7!*/2/+4), (19.4) 
p(ll*n+t,) =0 (mod 11*), (19.5) 


where 24s, = 1 (mod 7*) and 24t, = 1 (mod 11*). Here |e| is the floor 
function. 

In this chapter we will briefly discuss the proof of (19.3). We will give 
details only to the case & = 2 (in which the “most beautiful identity” plays 
a crucial role) and merely indicate the idea behind the cases k > 3. Our 
presentation follows the beautiful paper of Hirschhorn and Hunt (1981). 


19.1 Preliminaries 


We denote by R(qg) the Rogers-Ramanujan continued fraction (cf. Defini- 
tion 11.1). For this section, let us define 


Aa) = Rig) =a ate (19.6) 


and 


@se\es 
9(q) == q-——. (19.7) 
(CES 
The definition of g will emerge naturally below (cf. Eq. (19.11)). 


With the above understood, we define 


V(q) = wa: 1 — 2(q) (19.8) 
7 res aia 
Wa) = ay (a) (19.10) 
= aa (19.11) 


Note that Eqs. (19.9) and (19.11) are due to Theorem 11.3 and Eq. (12.37) 
respectively. 
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We also define 


3 2 1 1 
aa FG ea ay 
7 (20s. (19.14) 


q*(4)00(97?3 G7? Bo 
This G should not be confused with the one used in Part III. Note that Eq. 
(19.13) is due to long division (and we saw this trick before in Chapter 16). 
Equation (19.14) is due to Eqs. (19.9) and (19.11). 
Two useful identities are 


9(9) = 9° (a?) G°(q), (19.15) 
q 


5 
a a a G(q). (19.16) 


Their proof is Exercise 19.4 Question (1). These two identities say that 
g(q) and g/(q)oo can be factorized into parts that are functions of q° and 
of q. 

Finally, we define operator H by 


H (= iat = S- feng (19.17) 


That is, H extracts the powers of q°”. 


19.2 The proof of p(5?n + 24) = 0 (mod 5?) 


The key ingredient of this proof is the “most beautiful identity” (written 
in terms of g(q)): 


S¢ p(dn+ri)qhtt = 5 oe (19.18) 


n=0 


where r; := 4. In general, we call an identity of the form 


S> r(5*n +rzp)q™ti =... (19.19) 
n=0 
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a level k identity. Note that the “most beautiful identity” is a level 1 
identity. 

With the above understood, we are ready to derive a level 2 identity. 
The idea is very simple: this is done by applying H on both sides of Eq. 
(19.18). 

On the one hand, we have 


A (>. p(d5n + nv) = Ss p6bne 4) +11) gbirt)) 


n=0 n=0 


= So p(B n+ rag, (19.20) 
n=0 


where rg := 20+ 7; = 24. 
On the other hand, we have 


H (s oe =5H (foe) (use Eq. (19.15)) 


Pie (4°; 4? )oo 
55 
g(a) 6 
=5-27)  H(G%(q)). 19.21 
(OOP hes (9) ( ) 
To move on, we need to know how to compute H(G®(q)). Let us first look 
at how to compute H(G?(q)), an easier case from which we can get some 
insight. Let us write z := z(q) and we have 


H(G(q)) © H ((A-A 442734 oh) 
= H(A +----102?+---+154+--- +102 +--+) 
© 102-5 +15 — 1025 
= 10(2°-° —11— 2°) +125 
) 1 Ou(q®) + 125. 
To obtain (i), we have used Eq. (19.13). To obtain (ii), we note that H 
extracts the powers of q°” and, because of Eq. (19.6), z(q) can be factorized 
into two parts as 2(q) = gC(q°) for some function C. To obtain (iii), we 
have used Eq. (19.10). 
The same trick can be used to derive (with py := ju(q°)) 


H(G°(q)) = 315u4+32500p3 + 984375? + 11718750p.+48828125. (19.22) 


See Exercise 19.4 Question (2). 
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By putting together Eqs. (19.20)—(19.22), we have the desired level 2 
identity (after replacing q° by q) 


Yo v(Sn + rag" = —— S02). aa) (19.23) 


where the non-zero 6(2); are given by 
b(2)1 = 5 x 315 = 375°7' (= p(24)), 
b(2)2 = 5 x 32500 = 275°13', 
b(2)3 = 5 x 984375 = 375771, 
b(2)4=5 X 11718750 = 2'3'5"*, 
b(2)5 = 5 x 48828125 = 51”. 
To derive Eq. (19.23), we have used Eq. (19.11). We note that 6(2); has 
the least powers of 5. 
The values of 6(2); and Eq. (19.23) imply 
p(5°n +r2)=0 (mod 5”). 
Since rg = 24, we have 24r2 = 1 (mod 57). This is the case of k = 2 of 
(19.3). 


19.3. The idea of proof of p(5*n + 24) = O (mod 5*) for 
k>3 


To move on to the next level (k = 3), we apply H on both sides of Eq. 
(19.23). But before we do that, we need to replace g(q) by Eq. (19.15) and 
1/(@)co by Eq. (19.16) on the right-hand side of Eq. (19.23). This gives 


CL S/0(2)i gq?) GF *N(q). (19.24) 


ye p(B'n+ ra)" = 25. 
= (97°54 = 
Now when we apply H on the right-hand side of Eq. (19.24), we only have 
to worry about H G®'t?. 
To state the end result, let us define the matrix {m(k);} defined by 
H(G*(q)) = So m(b)e a n(@?). (19.25) 
i>0 


The desired level 3 identity is given by 


a 1 
) 5n+r3)q°tt =——>— 
LP 3) (G?50?) xo 


Y= 0(3): 9'(), (19.26) 


i=0 
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where r3 = 3-5%+7r2 = 99 and 


Yn = S°d(2); mCi + Lei. (19.27) 
i>0 


Proving the last two equations is Exercise 19.4 Question (3). This time, 
only 6(3)1, 0(3)2,--+ ,b(3)a6 are non-zero. For example, the smallest (and 
non-zero) and the largest b(3); are 


b(3)1 = 169229875 = 5°1353839'(= p(99)), 
b(3)26 = 1058791184067875423835403125849552452564239501953125 = 5%. 


Identities of level 1,2 and 3 above illustrate a general pattern. 


Theorem 19.1. For k = 1,2,3,---, the following identity is true: 


yl (5¥*n +rz)q?t? = Zu (19.28) 
n=0 


k 0 


where 


e The denominator is given by 


5 Q)oo if kt , 
Zz. = (qq) if k is even (19.29) 
(P3@)oo if k is odd. 
e b(1); =5 tft =1 and 0 otherwise, and 
b(k-+ 1); = > 5>0 (Kk); mG) eas oe : even, (19.30) 
dD j>0 O(k) 5 M(6I)i+5 if k is odd, 
where m(i); is defined by Eq. (19.25). 
e rz, is defined by 
23-5841 ‘ . 
ao k 
pees <a Om (19.31) 
=a =f k is odd. 


These formulas can be proven by induction (see Exercise 19.4 Question (4)). 
Since we want to prove congruence (19.3), there is still work to be done. 
Precisely, we want to extract as many powers of 5 as possible from 0(k); 
from the right-hand side of Eq. (19.28). 
It turns out the key lies in m(k);. Let 


a(k) := The exact power of 5 dividing k 
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for non-zero k; i.e., if the prime factorization of k is given by k = 2'3'5”---, 
then a(k) = n. If n = 0, we define a(0) := +00. Then we have the following 
remarkable inequality: 


a(m(k);) > n(k)i, (19.32) 


where n(k); is defined as follows. Consider n(k); as the matrix element at 
the k-th row and 7-th column of the matrix N. For the i-th column, the 
only non-zero elements are those between the i-th row and the (52 — 3)-th 
row and they are given by 


n(k); = 2i-1- (A). (19.33) 
Explicitly, we have 
10000 0 0 0 0 0 
13000 0 0 0 0 0 
03500 0 0 0 0 0 
02570 0 0 0 0 0 
02479 0 0 0 0 0O:: 
N-|01469 11 0 0 0 O (19.34) 
013 6 8 11 13 0 0 O 
003 5 8 10 138 15 0 O 
002 5 7 10 12 15 17 O 
00247 9 12 14 17 19 


The pattern of the entries of N can be put into words as follows. The 
diagonal elements are odd numbers 1, 3,5,7,---. The non-zero elements in 
the i-th column are as follows. Starting at the diagonal element (and going 
downward), they are 


OG Oi pi O78 Dia 8 er 88 Od. 


and all other entries of the i-th column are zero. 

Here is one possible motivation for the definition of N. One starts with 
calculating a(m(k);) for small i and & and write them down as a matrix. 
The form of this matrix naturally suggests the form of N. 

One may also wonder how Eq. (19.32) can be proven. The key is a 
recursion involving m(k);: 


+5m(k — 4); 4 + m(k = 5)s—1- (19.35) 
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The following elementary derivation (i.e., it does not involve modular forms) 
is due to Hirschhorn and Hunt (1981); see also Hirschhorn (2000). 

From the definitions of w := pu(q°) and v := v(q) (cf. Eq. (19.8) and 
(19.10)), one can easily show that 


po=v® + 5y4 4 153 + 25v? + 25vy. 


By multiplying the last equation with y:*/v°, one obtains (with G := G(q) = 
h/V) 

G® = 25G* + 25uG? + 15u7G? + 5y3G + pt, 
which, after multiplied by G*—>, becomes 

Gr S35 iC ee” Ft aya re’. (49:36) 
Let us define P;, := H(G*). Equation (19.36) implies (note that H(z) = 1): 

Py = 25Pp_1 + 25Pp_2 + 15p? Pp_3 + 5? Pr_at+ p*Pp_5. (19.37) 
This, with Eq. (19.25), imply the desired formula Eq. (19.35). 

The first five rows of the matrix {m(k);} can be inferred from the first 
five equations in Exercise 19.4 Question (2); for example, m(5)5 = 1953125. 
These, with Eq. (19.35), enable one to prove by induction Eq. (19.32). See 
also Exercise 19.4 Question (5). 


Once the properties of m(k); are known, we can prove the following 
using Eq. (19.30). 


Theorem 19.2. The following are true: 


(1) b(k)o = 0 for all k. 
(2) For a fixed k, only finitely many b(k); are non-zero. 
(3) The following is true 


a(b(k);) > k. (19.38) 
That is, we can extract at least 5" from each non-zero b(k);- 


Readers can consult Hirschhorn and Hunt (1981) for details. 
The punchline is at hand. These properties of b(k);, in particular 
(19.38), with Eq. (19.28), implies the desired congruences 


p(d*n+rp)=0 (mod 5*). 


Remark 19.1. The same technique can be applied to other partition func- 
tions. For example, see H.-C. Chan and Cooper (2010) and H.-C. Chan 
(2010b). 
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19.4 Exercises 


(1) Prove Eqs. (19.15) and (19.16). 
(2) Let G:= G(q) and pw := p(q°). Prove that 
HG=5, 

H G? = 10+ 125, 

HG? = 9p? + 375 + 3125, 

H G4 = 4p? + 550p? + 12500 + 78125, 

HG? = p* +5004 + 25000? + 390625 + 1953125, 

HG® = 315p* + 325003 + 9843757 + 11718750 + 48828125. 
(3) Prove Eqs. (19.26) and (19.27). 


(4) Prove Eqs. (19.28)—(19.31) by induction. 
(5) Prove the following 


mk); =0 (if i > hk), (19.39) 
m(5k), = 1, (19.40) 
m(k)p= 57". (19.41) 
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Chapter 20 


Excursus: modular forms and more 
congruences for the partition function 


In the previous chapters, we used different approaches to study Ramanu- 
jan’s congruences such as 

p(5n+4)=0 (mod 5). 
The purpose of this excursus is to sketch a proof of another remarkable 


result concerning the congruences of the partition function due to K. Ono 
(2000). 
Theorem 20.1. For m > 5, there are infinitely many congruences of the 
form 
p(An+B)=0 (mod m). (20.1) 
See also Ahlgren (2000) and Ahlgren and Ono (2001). For explicit computer 
search of such congruences based on Ono’s work, see, e.g., Weaver (2001). 
First we will give a brief introduction to modular forms, the essential 


tools for the proof of Theorem 20.1. Then we will sketch the proof of the 
main result in three steps. 


20.1 A brief introduction to modular forms 


Defining modular forms 


We start with some standard definitions and notations of modular forms 
(see Koblitz (1993), Ono (2003) and Stein (2007) for details). Let 


H := {z € C| Im(z) > 0} 
be the upper half plane. The full modular group is denoted by 


sta(z)={(4) lad — be = 1; a,b,c,d€ 2}. 
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Let N be a positive integer. The following class of congruence subgroups 
of SL2(Z) of level N is important to our discussion below: 


row) ={ (25) Naas heas B=: aed mh. 


An element 7 = (2%) € SL2(Z) acts on z € H according to 


az+b 
= H. 
WW) = Saas 


An important object in the theory of modular forms is the set of cusps: 
P! = QU {ool}. 


The set of cusps for a congruence subgroup I is the set of T-orbits of P?. 


Example 20.1. 


(1) When I = SL2(Z), there is only one cusp and usually one selects co as 
its canonical representative. 

(2) When TI = [o(p) where p is prime, it is known that there are two cusps, 
0 and oo; see Koblitz (1993, Problem 18 in Sect. [II.1). 


Let k € 42; i.e., k can be integral or half-integral. Let N be a positive 
integer (if k is half-integral; i.e., k € 4Z \ Z, we further demand that N = 0 
(mod 4)). Let f be a function holomorphic on H and at the cusps of a 
congruence subgroup [. It is a modular form of weight k if it satisfies the 
following: for all y = (22) €T and all z € H, we have 


(See) = ee ifk eZ, 


czetd) — ($)7" €F?*(cz + d)¥ f(z) ke sZ\Z. ae 


The case k € Z corresponds to integral weight modular forms. The sec- 
ond case, with a more complicated definition, corresponds to half-integral 
weight modular forms. The latter case is due to the groundbreaking work 
of Shimura (1973), and let us explain its notations. We recall that (5) is the 
Legendre symbol defined for positive odd primes d. By multiplicity it can 
be extended to positive odd d. For negative d, it is defined as (a) ife>0 
and —(rq) if ¢ <0. The symbol eg := 1 if d= 1 (mod 4) andi = /—1 if 
= —1 (mod 4); ie., 2 = (—1)(/?. Furthermore, (cz + d)!/? denotes 
the square root of (cz + d) with positive imaginary part. 
f is called a cusp formif f vanishes at the cusps. We define M;,(I) (resp. 
S;,(T)) to be the space of modular forms (resp. cusp forms) of weight & . 
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Below we will consider modular forms with transformation laws involv- 
ing Dirichlet characters mod N (denoted by x). A form f € M;,(T) (resp. 
Si(I)) is said to have Nebentypus character y if, for all y = (¢!) €T and 
all z © H, we have 


az+b\ J x(d)(cz+ d)* f(z) ifk EZ, 
(= + :) 7 ros 7 *x(d)(ez +.d)* f(z) ke 4Z\ Z. ee) 


The set of such forms is denoted by M;(T, x) (resp. Sx(T', x)). Let us look 
at some examples. 


Example 20.2. 
(1) Let & > 2 and the Eisenstein series are given by 


Ak co 2k-1,n 
F(z) = 1 - =— Toe € Mox($L2(Z)). (20.4) 


Here the Bernoulli number B,, is defined by 
py By 
e—1 
Note that H2; and G2, (defined by Eq. (15.25)) are related: 


Gor(z) = a Box (2 \: 


“BR 
Ramanujan discovered a lot of amazing identities involving the Eisen- 
stein series; see, e.g., Chapter 21 in Berndt (1991). 

(2) Here is an important cusp form: 


A(z) := (z)** € Si2(SL2(Z)). (20.5) 
(3) The eta function 
n(24z) =a] [a- gr) (20.6) 


is a weight 1/2 cusp form in S1 (I’9(576), x12), where 


i +1 ifd=1,11 (mod 12) 
¥12(d) := (=) = <-1 ifd=5,7 (mod 12) 
0 otherwise. 
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Operators acting on modular forms 


Let us define the operators U; and V; (see Ono (2003, p. 28) or Koblitz 
(1993, p. 161)). If oso b(n)q” is a formal power series and t is a positive 
integer, then 


S> b(n)aq” | | Ur = S> b(tn)q”, (20.7) 


n>0 n>0 


dona" | [Ve= Dp ona. (20.8) 
n>=0 n>0 
Useful properties of U; and V; are summarized in Proposition 2.22 in Ono 
(2003). 
Note that U; can also be defined as follows (cf. Koblitz (1993, p. 161)). 
Let q = e?*’* and suppose f(z) = )>,59 0(n)q” converges for z € H. Then 
we have 7 


z)|Ui = ryt (44). (20.9) 


This equivalent way of defining U; will be useful later. 

Let us recall the action of the Hecke operator acting on half-integral 
weight modular forms. Let g(z) = in>14(m)q” € S)41(Fo(N), x4) and 
1 be prime. The action of the Hecke operator, T(/?), on g is given by (see 
Ono (2003)): 


g|T) 
= ~ 2 (—1)*n p-1 ? p>-1 2 
= ag (nl) + Xq(1) F Ag(n) + Xg(U EP ag(n/I") } g 
n=1 
(20.10) 
with ag(n/l?) =0 if Pf n. 
A useful eta quotient 
We note several important properties of the quotient 
Fe ee ace (20.11) 
m(mz) 


For reference, see, e.g., Ono (2003): 


Lemma 20.1. The following properties are true for Em(z): 
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(i) Form > 5 being prime, 


En(2) € Mm -1)/2 (To(™m), Xm) 
elf TOE ay 
where Ym(d) := (ee). 
(ti) For | >0 and d being a positive integer, 
Ey,(dz)™ =1 (mod m'*'). 


(itt) This modular form vanishes at every cusp a/c with m not dividing c. 


20.2 The proof of Theorem 20.1 


Step 1: Setting up the generating function 


Let m > 5 be prime and 7 be a positive integer. We define 


mn+1 
F(z) := ae ate. 20.12 
a= YL (SR) (20.12) 
mn = —1 (mod 24) 
which is our generating function for p(n), and 
1) ey 


fn(Z) = (242) n(a4inz) (20.13) 


We want to prove that f,,(z) is congruent to the generating function 
Fin(z) modulo m: 


Lemma 20.2. Let m> 5 be prime. The following is true: 
fm(2) = Fn(z) (mod m). (20.14) 


Proof. By Lemma 20.1 (ii), we have 


1” (242) 
—— = 1 dm). 
n(24mz) ee) 
With this understood, proving the lemma reduces to proving 
(452 Um) [Vor > mn+1\ , (20.15) 
(242) ~ a ee 


n>0 
mn = —1(mod 24) 


We define integer 6 € {0,1,2,--- ,m—1} such that 


248=1 (mod m), (20.16) 
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and integer 


eee ua (20.17) 
Hence 
n™(mz) in TT le -en)™ 
nay om = (: ieaera re 
= (IIe ayn Sain |r 
n=1 n=0 
= T[a-@)" S ponnt pg, 


1 
which is equivalent to Eq. (20.15) after replacing q by q?*. 


Step 2: Proving that fm(z) is a half-integral weight modular 
form 


The key result of this step is: 


Lemma 20.3. Let m > 5 be prime. For sufficiently large T, there exists a 
positive integer L and a character x such that 
Jim(2) € Sp43(P0(576m), x). (20.18) 


Proof. First we show that fm(z) transforms correctly. To do so, let us 
look at how various parts of f(z) transform. A well-known fact (see Ono 


(2003) 
uae € Macs (rot) ony) (20.19) 
implies 
nim) oy [Vou € Mca (To(24m), Cyr rem) (99.90) 
n(2) ‘ 


Also, by Lemma 20.1 (i), we have 
m(d4 m7 aI, (m—1)/2 
vide ae ae ee T'o(24m), Gan ee a (20.21) 
n(24mz) mae e 
By Eqs. (20.20), (20.21) and Example 20.2 (3), we see that f,,(z) 
transforms correctly under ['9(576m). Its weight is 


m—-1 m™(m-1) m 1 
af gS ee enya 
2 " 2 TS +3 
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where L is a positive integer. 
To check that f(z) is a cusp form, we first prove that B(z) is a cusp 
form, where 


n™ (mz) Bs on eg Bede 
Bz) = scales (=o) ; (20.22) 


where A(z) = n(z)** (cf. Eq. (20.5)). Since cuspidality does not change 
under scaling and multiplication, all we need to do is to check that B(z) € 
Mrz:(Lo(m)) (where L’ is a positive integer) vanishes at the cusps of '9(m); 
i.e., 0 and co (see Example 20.1 (1)). 

By Lemma 20.1 (iii), with sufficiently large 7, B(z) vanishes at z = 0. 
For the vanishing of B(z) at oo, let us define 


ama", wy Att, yi Prim, (20.23) 
m 
and 
Qs (20.24) 
n(z) 


Note that we have suppressed the dependence on m for most of these sym- 
bols. 

The g-expansion of B(z) at co can be found as follows. Note that 
n™(z)/n(mz) =1+-++ and A™(z) = q™(1 +++) =q™ (14---). For the 
most complicated part, we note that, by Eq. (20.9), 


m—-1 : 
1 z+ 
g(2)|Um = ae ( 1) 


m 
j=0 
1 m-1 (m ) 
—?> ul J’ (recall Eq. (20.23) and (20.24)) 
MG (wy 
m-1 co j 
ant 5 hag) 
= »! a “ ; 
oe a 


Sim m—-1 
= Et ¥™ yihm ( + Slea(n, dain 


j=0 n>1 
gm m-1 
= (ST a | + ale > canon, 
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The explicit forms of the rational coefficients c,(n, 7) and co(n) are irrel- 
evant to our discussion. Hence g(z)|\Um = *«q',+-:+ with h > 6, +1. 
Combining the above yields B(z) = * q24"-™ (1+---) with 24h —m? > 0. 
Therefore B(z) vanishes at the cusp co. This implies that fi,(z) is a cusp 
form. 


Step 3: The punchline 
Let us write fm(z) := )Jn>14(n)q”. By Lemma 20.2, this implies 


y (“3 +) SOM Cor (20.25) 


This allows us to deduce congruences involving p(n) from the congruences 
of a(n) modulo m. 
Suppose there exists a prime number / such that 


fm |T(?) =0 (mod m). (20.26) 
We recall that f;, is a half-integral weight modular form and T(I*) is the 
Hecke operator. 
Congruences (20.26) implies 
2 tye) ps4 2)7;2L—1 2 
a(ni*) + x(l) a I’~a(n) + xX(F)l a(n/l“) =0 (mod m). 
(20.27) 


To obtain (20.27), we have used Eq. (20.10) and the fact that the weight 
of fm is L + 1/2; cf. Lemma 20.3. 

This is too complicated for our purpose. Let us cut it down. Set n — ni. 
Since (4!) = 0, (20.27) becomes 


a(nl3) + x(?)?4—"a(n/l) =0 (mod m). (20.28) 
To make the last term go away, we impose 
(n,l) =1, (20.29) 
that is, we want n and I to be relatively prime. This reduces (20.28) to 
a(nl®) =0 (mod m). (20.30) 
Finally (20.25) and (20.30) imply 


mni? +1 
1 ees 


DA ) =0 (mod m). (20.31) 
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The remaining question is the existence of such J. It turns out, by two 
deep results: (1) the Shimura correspondence between half-integral weight 
modular forms and integral weight modular forms Shimura (1973), and (2) 
a result of Serre (1976), one can show that there is a positive proportion of 
primes | = —1 (mod 576m) such that (20.27) is true (see Ono (2000) for 
technical details). This proves Ono’s theorem. 


Remark 20.1. One may unpack (20.31) and write it in the form of (20.1) 
(see Weaver (2001)). Let n — 24s + @ where 


aml? +1=0 (mod 24). (20.32) 


To make sure Eq. (20.29) is true; i.e., (n,/) = 1, we let s > 1N +, where 
24y £—a (mod 1). Putting all these into (20.31) gives 


p(AN+ B)=0 (mod m) 


where integers A and B are given by 


B+1 
A:=mli‘, B:= (4) + ml?4. 


Note that B is an integer because of (20.32). 


Remark 20.2. Treneer (2006) significantly generalized Theorem 20.1, 
which also applies to the cubic partition function a(n) defined in FYI 16.1 
(see also H.-C. Chan (2008)). 


Ramanujan’s work is full of deep and beautiful ideas. This book covers 
only a tiny little bit of them. Readers can read more (and be amazed!) in 
the great treatises such as Andrews and Berndt (2005, 2008) and Berndt 
(1985, 1989, 1991, 1994, 1998). 
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Appendix A 


Proofs of 7 (—1/7T) = V—i7T n(7) 


In this appendix we will discuss three proofs of the famous identity 


‘ (--) = Vir n(7). (A.1) 


The first one will be the most detailed. We will sketch the ideas behind the 
other two. 


A.1l First proof 


This proof is from Andrews, Askey and Roy (1999) and it has three steps. 


Step 1 
We start with a special case of the Poisson summation: 
1 2 . 
S- en ts(n tae)? eet ys; en™m [s+2rima (A.2) 
meZ vs meZ 


Indeed, let us write the last identity as 


>> f(n+2)= D> Finjan, (A.3) 


meZ meZ 


where f(x) := e-™®” and F(n) := e-™’s" 1/5. Note that the left-hand 
side, F(x) := >°,, f(n + x), converges absolutely and uniformly in x. It is 
continuous and has period 1 in @ (i.e., F(a +1) = F(x)). Such a function 
can be expanded as a Fourier series. 
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The Fourier coefficient of F(a) can be computed as follows: with m € Z, 
we have 


eee ee, 1 * 
F(m) = i} F(ajen "dz 
0 


1 
— 2h 7 
= > e ms(n+ax)°—2rima dz 
0 


nezZ 
n+a 4 : 
= | eomy ane dy (set yn + x) 
nez~™ 
oo 
= / en tsy? —2mimy dy 
—oo 
1 


—1m? /s 


Sa ey 


This is, of course, f(m). Since }¢_, |F'(m)| < co, we can represent F(x) by 
its Fourier series. This gives Eq. (A.2). 


For convenience, we write Eq. (A.2) as (with s = —ir) 
int(n+a)? __ 1 ye —inm? /t4+2rimex (A 

Se a EN | 4) 
meZ eT ie 

Step 2 

Define 
A(z,q) = [[-4@") + 2q")(1 + 2719”). (A.5) 

n=1 


Use Jacobi’s triple product identity to rewrite Eq. (A.4) as 


or (142) dead = ag (14 Sao 


where q = e2mir z= e2ti{e—-1/2) w= e2ti(etl/(27)) and Q = e2nt/T 


Rearranging the last equation gives 


T seep? O(2, 0). 1+ lf 
Fe A(w,Q) 1+i1/z" ee 


This is the goal of Step 2. 


A.2. Second proof 207 


Step 3 


As x > (1—771)/2, both z and w approach —1 (recall the definitions of z 
and w near the end of Step 1) . Therefore the right-hand side of Eq. (A.6) 
becomes 

1+1/w  —-w-"dw/dxe 1 

> CO .. 

1+1/z —2-2dz/dx T 

Hence Eq. (A.6) becomes 
73/2 


gi/2 


err hla MAE Oa) 01), 


or, equivalently, 


= (7) 2 P(-1/r). 
(yim) 


This implies 

= 
7 u(t) = en(-1/7), 
where c is a constant. Plugging in rT = i gives n(i) = cn(t). This means 
c=1 and Eg. (A.1) is proven. 


A.2 Second proof 


This is a famous proof by C. L. Siegel (1954). Here is a sketch of its idea. 
Let v = (n+ 1/2), where n = 0,1,2,---. Let 
1 
f(z) = = cot(vz) cot (=) (A.7) 
2 it 
Integrate f,(z) over the loop C 


1 
a fe) dz. (A.8) 


Here, C is a rhombus with four edges connecting (1,0), (0, it), (—1,0), and 
(0, —it), with a counterclockwise orientation. 
This integral gives 


at — nt7! Int = 1 
= ( 12 )+3 re = RoR nas ~ eaakt-t 7 3 


The last equation is the same as 


In 7 (¢/t) = — ae In (it), (A.9) 
which is equivalent to Eq. (A.1) sie T = it. 
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A.3 Third proof 


This interesting proof is due to Heng Huat Chan (1996), and we will follow 
his presentation closely. Recall that f(—q) := (@)oo (ef. Eq. (11.4)). Hence 
q'/*4 f(—q) = n(z), where q = e?7**. We can rewrite Eq. (A.1) in terms of 
fi 


1 
etiz/12 fae") =. a ett /(12z) f(a ee (A.10) 
Recall the identity (see, e.g., Chandrasekharan (1985, p. 69)) 
6 
TT 
64(2) PP) =(4-e)la-e)le—e) (Ant) 


where q = e™2/“1, and (with ¢(w1,w2;z) being the Weierstrass elliptic 
function) 
€1 := 0(W1, W23 1/2), €2 = O(W1, W23 we/2), e3 := —E(W1, we; (wi + we)/2). 
Apply Eq. (A.11) to lattice LZ defined by w, = 1 and wy = 7 (this implies 
q =e"'7). This gives 
16 "7 n° f'*(—e?7'7) = (e, — e2)(€1 — €3)(€3 — €2). (A.12) 

Here e; are the evaluated on lattice L: e; = (1,7; 1/2), e2 = (1,7; 7/2), 
and e3 = o(1,7; (1+ 7)/2). 

Next we apply Eq. (A.11) to lattice L’ defined by w1 = 7 and w2 = —1 
(this implies g = e~7*/7). Note that L is equivalent to L’. Evaluated on 
L’, we have 


e, = (tT, -1;7/2) 2 o(1,7;7/2) = eo. 
Equality (i) follows from the equivalence of L and L’. Likewise, we have 
e5 = e; and e€5 = eg. 
With this understood, applying Eq. (A.11) to L’ gives 


—1t/T m\ 6 T/T 
166-77 (2) pl2(—ePti/r) = (el — €2) (ey — €85)(€4 — €) 


Equations (A.12) and (A.13) immediately imply 
evit fl2(__2miry _ _,-6 en ti/t fP?2(—e2ti/7)., 
Taking the 12th root of the last equation gives 
eTiT/12 f(_e2miT) — 7-3/2 e—mi/(127) F_e2mi/T). 
where ¢€ is a 24th root of unity. One can show that « = Vi by setting 


7 = 1%. Hence the last equation implies Eq. (A.10), the equivalent form of 
Eq. (A.1). 


Appendix B 


The ranks of the partitions of n = 9 


For definitions, see Section 14.2.1. 
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Appendix C 


Partition 7 
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The cranks of the partitions of n = 9 


For definitions, see Section 14.2.2. 
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